Financial Modeling
for Managers

with Excel® applications

second edition

Dawn E. Lorimer
Charles R. Rayhorn




Copyright 2002 by Authors Academic Press

Financial Modeling for Managers
with Excel Applications

All rights reserved. Previous edition copyright 1999 by Dunmore Press Limited. Printed in
the United States of America. Except as permitted under the United States Copyright Act of
1976, no part of this publication may be reproduced or distributed in any form or by any
means, or stored in a data base or retrieval system, without the prior written permission of
the publisher.

ISBN 0-9703333-1-5

Acquisition Editors: Trond Randoy, Jon Down, Don Herrmann

Senior Production Manager: Cynthia Leonard

Layout Support: Rebecca Herschell

Marketing Manager: Nada Down

Copyeditor: Michelle Abbott

Cover Design: Tom Fenske and Cynthia Leonard

Cover Photo: London Dealing Room. Courtesy National Australia Bank, London.
Printer: EP Imaging Concepts

Acknowledgments
Robert Miller—Northern Michigan University, Michael G. Erickson—Albertson College, and

Jacquelynne McL ellan—Frostburg State University all contributed greatly to the production of
this book through their thoughtful reviews.

When ordering this title, use ISBN 0-9703333-1-5

{—muu.!.

www.Author sAP.com

Library of Congress Catal oging-in-Publication Data

Lorimer, Dawn E., 1950-

Financial modeling for managers: with Excel applications/ Dawn E.
Lorimer, Charles R. Rayhorn.— 2nd ed.

p. cm.

Rev. ed. of: Financial maths for managers/ Dawn E. Lorimer, CharlesR.
Rayhorn. ¢1999.
Includes bibliographical referencesand index.

ISBN 0-9703333-1-5 (pbk.)

1. Business mathematics. 2. Microsoft Excel for Windows. 3.
Electronic spreadsheets. 4. Financia futures. I. Rayhorn, CharlesR.,
1949- I1. Lorimer, Dawn E., 1950- Financial maths for managers. I11.
Title.

HF5691 .L58 2001

650'.01'513—dc21

2001005810



CONTENTS

PrefaCe ... 1
Part |. Interest rates and foreign exchange

Chapter 1. Compounding and discounting 7
11 Notation and defiNItioNS ..........ccoiririirires s 8
12 TIMEVAUEOf MONEY ..ot 8
13 Simpleinterest, billsand other money market securities ...................... 10
14 COMPOUNT INEEIESE .....veveviceesie st eras 16
15 Linear iNterpoOlation .........cccoceiiieeieie e 19
16 RE8l INTErESE FALES ... 20
Chapter 2. The valuation of cash flows 31
21 Notation and defiNitioNS .........ccoirirerrirese s 32
2.2 Cash flow representation ..........ccccveeeveveeeese e A
2.3 ValUINGANNUITIES ....coveviiiecieciece e 36
24 QUOLaLION Of INTEFESE FALES ..cveeieeecreecteecee ettt et et 39
25 Continuoustime compounding and discounting ...........cccccevveeeeerernenne. 4
2.6 FiXed INtErest SECUNTIES ......ovveriirieieceeses s 47
2.7 Duration and Value SENSITIVITY ....ccveiviiiiicieciecece e 57
2.8 INLEreSt rate fULUMES .....ooeveieiireiriese e 61
Chapter 3: Zero's, forwards, and the term structure 73
31 Notation and defiNitioNS .........ccoirireririren s 74
32 A brief mystery of time ....ooovvoeiee e 75
33 ZEIO COUPON TALES .vviieeeiuieeieeeieeeieeeestesteesteeseeesseeseeseenseesseenseenseenseenns 76
34 Implied fFOrward rateS .........ccecviieiece e 79
35 Forwards, futures and no-arbitrage .........ccccocveveeveieccece e 81
36 Computing zeros and forwards ...........cccceeveeieiecieese s 86
3.7 Algorithm: computing zeros and forwards from swap data ................. 89
38 Concluding FEMEAIKS .....ccvecvieieiieciiees et 97



Chapter 4: FX Spot and forwards 103

4.1 Notation and definitioNS .........ccoceriiieieiere e 104
4.2 Spot exchange rate QUOLELIONS ........coveeereeriieeeeresee e 105
4.3 E Y7 6 o] S 108
44 CIOSS FALES ....eieeietee ettt sttt e sbe e saeesbeesbeesree 109
45 Money market forward rates ..........ccooeieieere i 114

Part Il. Doing it the Excel® way

Chapter 5: Learning by doing: an introduction to financial spreadsheets 127

51 Step-by-step bond valuation example ..., 128
52 Do-it-yourself fixed interest Workshop .........ccceeveevreneneiniencncsee 137

Part [ll. Statistical analysis and probability processes

Chapter 6: Statistics without becoming one 151
6.1 Notation and definitioNS .........cccoeririeieeiere e 152
6.2 INErodUCION tO dAEA ..o e 153
6.3 Downloading data ..........ccoceeeererieeeeeese e 154
6.4 (D= r= 0= d o [ = 1 Lo o RS 156
6.5 SUMMENY MEBSUIES ....c.eeeueereireeeeesresie e e e sne e esresresneas 159
6.6 Distributionfunction and densities .........cocvvoeveienincerere e 164
6.7 Sampling distributionsand hypothesistesting ...........ccccovenereieienenn. 168
Chapter 7: Regression and financial modeling 175
7.1 Notation and definitioNS .........ccooeiieieii e 176
7.2 Bivariate dataexploration .........c.cooeoeienieeeiere e 177
7.3 REQressioN StALISHCS  ....ovivereeeceeiriesiesee e 182
74 More regression theory: goodness of fit .........ccccooviiieieinincsene 187
75 The CAPM DELA ..ot 189
7.6 Regression extensions. multipleregression ............ccocevevceneeeeneenene 196



8.1
8.2
8.3
84
85
8.6
8.7

9.1
9.2
9.3
94
9.5

Al
A2
A3
A4

Chapter 8: Introduction to stochastic processes 203
Notation and defiNitioNS ........ccooveieiiieieee e 204
(0= 0= 1 0] S 205
[ 10 [0 11 o TSR 206
Random walks and 1t0 PrOCESSES. ........cccceceeirenierienieieeesesre e 213
HOW 110 Processes are USEd ........cccoeierieieieeieee e 217
VOl ity MOEIS ..o 223
Other time SeriesS bUZZWOIAS ........ceooiiiiieese e 226

Part IV. Many variables

Chapter 9: Many variables 235
VeCtOrs and MAaLNICES ...ocueeoeeieeiieeeere et 236
Matrix inversesand equation SOIVING ......cccceeverereeieeeerene e 240
StatistiCSWIth MELHCES ..o 243
Portfolio theory With MatriCeS .......ccooviieieiiieeee e 245
= (011 o [0 S 248

Part V. Appendix

General Mathematical review 264
Order Of OPEraLIONS .....oovvieeeieieeeeee e eneas 264
Multiplicationand divisonwithsigned numbers ...........cccccoocerveeneee 265
Powers and iNAICES .......coeeeiiiiieee e 267
LOGarithms ..o s 272
CAICUIUS ...t 273

A5



Vi



WHY READ THIS BOOK?

We wrote the book because we felt that financial professionals needed it; and
those who are training to be financia professionals, as students in colleges, will
need it by thetimethey finish. Not all of usare cut out to be Quants, or would even
want to. But pretty much all of usin thefinancial world will sooner or later haveto
come to grips with two things. The first is basic financial math and models. The
second is spreadsheeting. So we thought that the market should have a book that
combined both.

The origins of the book liein financial market experience, where one of us (DEL),
at the time running a swaps desk, had the problem of training staff fresh from
colleges, even good universities, who arrived in anon operational state. Rather like
akitset that had to be assembled on thejob: you know the bitsare al there, but they
can't begin to work until someone puts al the bits together. Their theoretical
knowledge might or might not have been OK, but instead of hitting the ground
running, the new graduates collapsed in a heap when faced with the “what do | do
here and now?’ problem. The present book evolved out of notes and instructional
guidelinesdevel oped at thetime. Inlater versions, the notestook on an international
flavor and in doing so, acquired a co author (CH), to become the present book,
suitable for the U.S. and other international markets.

The material you will find here has been selected for maximal relevance for the
day to day jobsthat you will find in thefinancial world, especially those concerned
with financial markets, or running a corporate treasury. Everything that is here, so
far astopics are concerned, you can dig up from some theoretical book or journal
article in finance or financial economics. But the first problem is that busy



professionalssimply do not havethetimeto go onlibrary hunts. The second problem
is that even if you do manage to find them, the techniques and topics are not
implemented interms of the kind of computational methodsin almost universal use
these days, namely Excel or similar spreadsheets.

No spreadsheet, no solution, and that is pretty well how things stand throughout the
financial world. Students who graduate without solid spreadsheeting skills
automatically start out behind the eight ball. Of course, depending on where you
work, there can be special purpose packages; treasury systems, funds management
systems, database systems, and the like, and some of them are very good. But itis
inadvisableto become completely locked into specia purpose packages, for anumber
of reasons. For onething, they aretoo specialized, and for another, they are subject
to “package capture”’, where firms become expensively locked into service
agreements or upgrades. So in our own courses, whether at colleges or in the
markets, we stresstheflexibility and rel ativeindependence of fered by amultipurpose
package such as Excel or Lotus. Most practitioners continue to hedge their special
systems around with Excel spreadsheets. Others who might use econometric or
similar data crunching packages, continue to use Excel for operations like basic
datahandling or graphing. So, spreadsheetsare the universal dataand money handling
tool.

It isaso atruism that the financial world is going high tech in its methodologies,
which can become bewildering to managersfaced with the latest buzzwords, usually
acronymic and often incomprehensible. This leaves the manager at a moral
disadvantage, and can become quite expensivein termsof “consultant capture”. In
writing the book we also wanted to address this credibility gap, by showing that
some, at least, of the buzzwords can be understood in relatively plain terms, and
can even be spreadsheeted in one or two cases. So without trying to belittle the
guants, or the consultants who trade in their work, we are striking a blow here for
the common manager.

It remainsto thank the many peoplewho have helped usin preparing the book. As
the project progressed, more and more people from the financial and academic
communities becameinvolved, and some must be singled out for special mention.
Larry Grannan from the Chicago Mercantile Exchange responded quickly to our
guestions on CME futures contracts. Cayne Dunnett from the National Bank of
Australia (NAB) in London gave generously of histime to advise us on financia
calculations. Together with Ken Pipe, he also organized the photo shoot for the
front cover, taken in the NAB’s new London dealing room. Joe D’ Maio from the
New York office of the NAB pitched in with assistance on market conventionsand
products. Andy Morris at Westpac in New York provided helpful information on
US financial products. Penny Ford from the BNZ in Wellington, New Zealand
kindly assisted with technical advice and data.



Among the academic community, Jacquelynne McLellan from Frostburg State
University in Maryland and Michael G. Erickson from Albertson Collegein Ohio
read the entire manuscript and took the trouble to make detailed comments and
recommendations. Roger Bowden at VictoriaUniversity of Wellington read through
the manuscript making many hel pful suggestions, and kept us straight on stochastic
processes and econometric buzzwords. Finally, it has been great working with
Cynthia Leonard and Tom Fenske of Authors Academic Press. They have been
encouraging, patient, and responsive at al times, which has made this project a
positive experiencefor all.






INTEREST RATES AND FOREIGN EXCHANGE

In the world of finance, interest rates affect everyone and everything. Of course,
thiswill be perfectly obviousto you if you work in abank, a corporate treasury, or
if you have ahome mortgage. But even if you work in equities management — or
are yourself an investor in such — you will need to have some sort of familiarity
with theworld of fixed interest: the terms, the conventions and the pricing. When
interest rates go up, stock prices go down; and bonds are always an alternative to
equities, or part of aportfolio that might include both.

So the conventions and computations of interest ratesand the pricing of instruments
that depend on interest rates are basic facts of life. We have another agenda in
putting the discussion of interest rates first. Many readers from the industry will
need to get back into the swing of things so far as playing around with symbolsand
numbers is concerned, and even students might like a refresher. Fixed interest
arithmetic is a excellent way to do this, for the math is not all that complicated in
itself, and the manipulation skillsthat you need are easily devel oped without having
to puzzle over each step, or feel intimidated that the concepts are so high-powered
that it will need ten tons of ginseng to get throughit all. Onceyou havebuilt up abit
of confidence with the basic skills, then you can think about going long in ginseng
for the chapters that follow.

Aswell asinterest rates, we have inserted a chapter on the arithmetic of foreign
exchange, incorporating the quotation, pricing and trading of foreign currenciesfor
much the same reasons. These days everyone has to know a bit about the subject,
and again, the math isnot all that demanding, although in apractical situation you
really do have to keep your wits about you.

You will notice that Excel isnot explicitly introduced in Part 1. We do thisin Part
2, where we can use the material of Part 1 to generate some computable examples.
In the meantime, it isimportant that you can execute the interest rate arithmetic on
a hand-calculator. Practically any commercia calculator (apart from the simple
accounting ones) will have all the functionsthat you need, and indeed most can be
executed using avery basic classroom scientific type calculator —it just takes abit
longer. The beauty of acquiring a true financial calculator is that in addition to
specia functions like the internal rate of return, it has several storage locations,
useful for holding intermediate results when solving more complex problems. At
any rate, keep a calculator nearby as you read on.

5






Compounding and Discounting

This chapter has two objectives. The first is to review some basic interest rate
conventions. Here we address questions like, what is the true rate of interest on a
deal? Isit what you see in the ad, what the dealer quoted you over the phone, or
something different altogether? And how does this rate compare with what is
offered elsewhere?

Theinterest ratejungleisin somerespectslike shopping for aused car - you can get
somegood deal s, but also some pretty disastrous ones, wherethetrue cost is hidden
beneath afancy PR package. Unlessyou know what you are doing, things can get
pretty expensive.

The second objective is to introduce you to the market ambience where interest
rates are quoted. In this chapter, we are largely concerned with money market
instruments, which areaparticular sort of fixed interest instrument used by corporate
treasurersevery day. Evenif you are not acorporate treasurer, you are surely your
own personal treasurer, and knowing about these instrumentswill help you inyour
own financing and investment decisions. Studying theseinstrumentswill sharpen
your understanding of the interest rate concept.




Financial Modeling for Managers Part I. Interest Rates and Foreign Exchange

1.1 Notation and definitions
APR  Annua percentageinterest.

FV Future value of money, which isthe dollar amount expected to bereceived
inthefuture. 1t generaly includesamountsof principal and interest earnings.

PV Present value of money, the value today of cash flows expected in the
future discounted at an (or in some situations at more than one) appropriate
rate.

P Thepriceat timet. Can also stand for the principal outstanding at timet.

[ Symbol for the effective interest rate, generally expressed as a decimal.
Can vary over time, in which case often indexed asi..

I Total money amount of interest earned.
D Number of daysto maturity.

Dpy  Number of days per year. Determined by convention, usually 365 or 360

days.
n Number of years (greater than one). Can be fractional.
m Number of compounding periodsin ayear
C The amount of the periodic payment or coupon.
T Therate of inflation.

1.2 Timevalueof money

There'sasaying that timeismoney. An amount of money duetoday isworthmore
than the same amount due sometimein thefuture. Thisisbecause the amount due
earlier can beinvested and increased with earningsby the later date. Many financial
agreements are based on a flow (or flows) of money happening in the future (for
instance, housing mortgages, government bonds, hire purchase agreements). To
makeinformed financial decisions, itiscrucial to understand therolethat time plays
invaluing flows of money.




Chapter One. Compounding and Discounting

Interest and interest rates
Interest istheincome earned from lending or investing capital.

The rate of interest per period is the amount of interest earned for the period
concerned, per unit of capital or principal invested at the beginning of the period.

Interest is often quoted as apercent.

Example 1.1

If interest of $15ispayableat theend of ayear in respect of aninvestment
or loan of $200, then the annual rate of interest is 15/200 = .075 expressed

asadecimal, or 100% x .075 = 7.5%.

To avoid confusion, the decimal form of theinterest ratewill be used for calculations,
except whereaformulaexplicitly callsfor the percentage form.

Nominal, annual percentage, and effective interest rates

Aninterest rate is usually expressed nominally (the “nominal rate”) as an annual
rate, or percent per annum (% p.a.). Interest may be calculated either more or less
frequently than annually, on a simple or compound basis, and may be required at
the beginning of the loan instead of at the end of the loan (known as “discounting
theinterest”).

Because of these differences and the potential for misleading consumers, Congress
enacted the Consumer Credit Protection Act of 1968. This act launched Truth in
Lending disclosures that require creditors to state the cost of borrowing using a
common interest rate known as the annual percentage rate (APR). If the cost of
borrowing includes compounding, another interest rate, known asthe effective annual
rate, should be used.

For example, many credit card companies charge approximately 1.5% amonth on
average monthly balances. The nominal (quoted) rate would also be the APR in

this case and would be calculated as 1.5% x 12 = 18%. The effective annual rate




Financial Modeling for Managers Part I. Interest Rates and Foreign Exchange

would actually be higher because of compounding, a subject we will discussin
more detail later. The effective rate would be calculated as ((1 + .015)*2- 1) x
100% or 19.6%. In general, the effective rate can be calculated by replacing 12 by
the number of compounding periods (m) during theyear. Thus, the equation for the
effectiverateis:

((1+i)"- 1) x 100% )

Let's look at a situation where the nominal rate and the APR are not the same.
The nominal and APR are aways different when interest has to be prepaid or
when there are fees associated with getting a particular nominal interest rate (e.g.
points). Many loans on accounts receivable require the interest on the loan to be
deducted from the loan proceeds. This is known as prepaying the interest. For
example, let's assume that the nominal rate is 6.00% for one year and that the
interest has to be 'prepaid’. If the loan is for $1000.00, the loan proceeds in this
case would be $940.00, or $1000.00 - .06 x ($1000.00). The APR inthisexample
is$60.00/$940.00 or about 6.38%. Without truth in lending, thelending institution
could claim that the cost of theloanis actually lower thanitis. The effectiverate
would also be 6.38% because there is only one compounding period.

There will be more on nominal and effective rates later. These are important
conceptsfor anyoneinvolved with financial transactions.

1.3 Simpleinterest, billsand other money market securities

The use of simple interest in financial markets is confined mainly to short term
transactions (less than a year), where the absence of compounding is of little
importance and wherethe practice of performing cal culationsquickly, before modern
computing aidsbecamewidely available, was necessary.

Simple interest can be misleading if used for valuation of long term transactions.
Hence, its application in financial markets is usually limited to the cal culation of
interest on short-term debt and the pricing of money market securities.

Whentheinterest for any period ischarged only ontheorigina principal outstanding,

it is called simple interest. (In this situation, no interest is earned on interest
accumulated in apreviousperiod.) Thatis:

10




Chapter One. Compounding and Discounting

Smple interest amount = Original Principal x Interest Rate x Term of interest
period

Insymbols: | =P, x ixt 2
where t=D
dpy

Herethereisno calculation of interest on interest; hence, theinterest amount earned
per period isconstant.

Future value

Inasimpleinterest environment:

FV =P +1 = P+ (P, x ix1)
That is, FV = P (1+(ix t) (3)
where t=D

dpy

Example 1.2

Calculate the amount of interest earned on adeposit of $1m for 45 days at
an annual interest rate p.a. of 4.75%. What is the future value of this

deposit?

Interest = P xixt = $1,000,000 x .0475 x % = $5,856.16

Fv = P0+| = P0(1+(I Xt)) = $1,000,000(1+(0475X %))

$1,005,856.16

11




Financial Modeling for Managers Part I. Interest Rates and Foreign Exchange

Present value

Formula (3) may be rearranged by dividing by (1 + (i x t)) so that:

_FV
V=R = @ ix) @

Inthis case, the original principal, P,, is the present value and therefore the price
to be paid for the FV due after t years (where t is generally afraction) calculated
atayield of i.

Example 1.3

Calculate the PV of $1m payable in 192 days at 4.95% p.a. on 365-dpy
basis.

pv= V. __ - LI = $974,622.43
(L+(x0)  (1+(.0495x 192 = 365))

There are two methods used for pricing money market securities in the US: the
bank discount and the bond equivalent yield approach. Examples of money
market securitiesthat are priced using the discount method include U.S. Treasury
Bills, Commercia Paper, and Bankers acceptances. Formula (4) can’t be used
directly for valuing these securities because of the particular rate, the bank discount
rate, which isusually quoted (see below).

Examples of money market securitiesthat are discounted using the bond equivalent
yield approach include Certificates of Deposit (CD’s), repos and reverses, and
Federal Funds. Also, short dated coupon-paying securities with only one more
coupon (interest payment) from the issuer due to the purchaser, and floating rate
notes with interest paid in arrears can fit into this category. For money market
instruments using the bond equivalent yield, Formula (4) can be used directly.

There are two key differences involved in these pricing methods. The bond
equivalent yield usesatrue present val ue cal cul ation and a 365-day year. It applies
an interest rate appropriately represented as the interest amount divided by the
starting principal. The bank discount method uses a 360-day year and it does not
use anormal present value calculation. Theinterest ratein thiscaseistaken asthe

12




Chapter One. Compounding and Discounting

difference between the FV and the price of the instrument divided by the FV.
Examplesand solutionsare provided in the following sections.

The appendix to this chapter describes the most frequently used money market
instruments.
Pricing a security using the bond equivalent method

Pricing a discount security per $100 of face value.

P = purchase price (present value)
FV = wvatue due at maturity (also usually the face value of the security)
[ = interest rate at which the security is purchased
t =D

dpy
dpy = 365

FV _ 100

P —

1+ (i x 1) @+ (i x1)) -

For a short dated coupon-paying security with only one more coupon (interest
payment) the FV becomes: $100 face value + $C coupon payment.

Example 1.3, above, illustrates the bond equival ent method.

Pricing a security using the bank discount method

Pricing a discount security per $100 of face value.

P = purchase price (present value)
FV = value due at maturity (also the face value of the security)
[ = bank discount rate = Fv-P X:—L
BD FV  t
t =D
dpy
dpy = 360

13
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P = FVx (1- (igp Xt)) =100 X (1- (igp X1)) ©)

Securities priced using the bank discount approach use anon-present val ue equation
becausetheinterest rate, i, , isnot atypical return. Itisagain (FV-P) divided not
by the starting point price (P), but by the ending value (FV). Multiplying by 360
daysannualizesit.

In order to use the standard present value calculation (the bond equivalent yield
approach), the bank discount interest rate, i, must be converted into a normal
interest rate (known asthe bond equivalent yield). The equation for doing thisis

3 365x% isp
~ 360- (D xien)”

Example 1.4

The discount rate for the March 15, 2001 T-Bill (17 days until maturity)
quoted in the February 26, 2001 Wall Sreet Journal was 5.14%. Let's
calculate the price (PV) for $10,000 of face value.

PV = $10,000x (1-(.0514x%)) = $9975.73

You could convert the discount rate, 5.14%, to the bond equivalent yield

and use the bond equivalent approach shown in Example 1.3 using Formula

(3). The bond equivalent rate for the bank discount rateis 5.224% =
365x%.0514

360- (17 x.0514) -

FV $10,0000

\V = - = $9,97573
1+ (i x1))  (L+(.05224 x17 = 365))

(Note: These calculations were done rounding to the 16™ place. You might
get a different result if you round to fewer places. These intermediate
calculations should be taken to at least seven decimal places.)

Money Market Yields

There is yet another method for pricing short term money market securities of
which playersin the US market need to be aware. This method, common in the

14




Chapter One. Compounding and Discounting

Eurodollar markets, uses money market yieldswith interest calcul ated as:
Interest = Face Value x [iyvy xd/ 360)]

The price of such aninstrument is cal culated using the same technique as the bond
equivalent method, but the days per year (dpy) is taken to be 360 days.

A note on market yield

Short-term securities are quoted at a rate of interest assuming that the instrument
is held to maturity. If the instrument is sold prior to maturity, it will probably
achieve areturn that is higher or lower than the yield to maturity as a result of
capital gainsor losses at thetimeit issold. In such cases, a more useful measure
of return is the holding period yield.

Holding period yield (for short-term securities)

The holding period yield (th) is the yield earned on an investment between the
timeit is purchased and the time it is sold, where that investment is sold prior to
maturity. For short-term securities, thisis calculated as:

Peui / Poyy -1
th= sell tbuy ’ (6)

where t is defined above (afraction of ayear), P_ isthe price at which you sold
the security, and Poy isthe price at which you bought it.

Example 1.5

Supposetheinvestor from Example 1.4 sold the T-bill (previously purchased
at a bank discount rate of 5.14%) at a new discount rate of 5.10% when
thebill had just three daysto runto maturity. Theselling priceiscalculated:

PV= $10,000% (1- (.0510x3—20 )) = $9995.75

Theholding periodyieldp.a. is:
v = (9,995.75/9975.73) -1
& (14/365)

= 0.0523 = 5.23% .

15
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1.4 Compound interest

Compound interest rates mean that interest is earned on interest previously paid.
Bonds are priced on this basis and most bank loans are as well. Many deposit
accounts also have interest cal culated on acompound basis. Before we formalize
things, let’s start with a few examples.

Example 1.6

$100 invested at 5% annual interest would be worth $105 in one year’s
time.

If the same investment is held for two years at 5% and the interest
compounds annually, the future value of theinvestment is:

FV = $105 x (1+.05) = $110.25
That is, FV = $100 x (1.05) x (1.05) = $100 x (1.05)>

At the end of three years, assuming the same compound interest rate, the
investment would have an accumulated val ue of :

$100 x (1.05)° = $115.76

In general, the formula for accumulating an amount of money for n periods at
effective rate i per period (or for calculating its future value) is:
AV=FV =Py x (1+i)" (7
or FV=PV x (1+1i)" (again, AV = FV)

Note that thisformularefersto n periods at effectiveratei per period. Thus, nand
i canrelateto quarterly, monthly, semi annual, or annual periods.

It is easy to see that Formula (7) can be rearranged to give a formula for the
present value at time O of a payment of FV at time n.

PV=Py= —V _ =FVx (1+i)" )

(@+i)"

16




Chapter One. Compounding and Discounting

Thefollowing problemsillustrate how to find the future or accumul ated value and
the present value of single cash flows.

Example 1.7

Find accumulated value of $1000 after 5 1/4 years at 6.2% per annum
compound interest.

Solution 1.7
P, = 1000, n =525, i = 0/062
AV = P(1+i)
AV = 1000(1.062)5%
= 1000(1.371367)
= $1,371.37

Example 1.8

Find the present value of $1,000,000 dueinthreeyearsand 127 daysfrom
today where interest compounds each year at 6.25% p.a. Assume a 365-
day year, so that 127 daysis equal to 0.3479452 of ayear.

Solution 1.8

PV = $1,000,000 (1.0625)-337942
= $816,304.43

In some cases we may wish to value cash flows to a specific date that is neither
the end date of the final cash flow nor the current date. The following example
illustrates the technique for cal culating an accumulated value or future valueto a
specific date prior to thefinal cash flow.

17
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Example 1.9

Find thevalue at oneyear and 60 daysfrom today of $1 million dueintwo
years and 132 days from today, where interest compounds at 6.5% p.a.
Assume a 365-day year.

Solution 1.9
Preliminary calculations:
132/365=0.36164384
60/ 365 =0.16438356
PV = P, = FV(1+i)" = $1,000,000 (1.065)>3%6484

Valueattimet = Py(1 + i)

$1,000,000(1.065)236164384(1 065)1 16438356

$1’ OOO’ OOO( 1 065)-(2.36164384-1.16438356)

Hence, thevalueat timet = V, = P(1+i) = AV(1+i)"(1+i)

AV(L +i )

Multiple interest rates

For money market funds, NOW accounts, sweep accounts (a variation on money
market funds and NOW accounts), and other investments, interest is payable on
the previous balance (interest and principal) at the prevailing market interest rate.
Sincetheinterest rate may change from period to period, multiple rates of interest
might apply, but we'll stick with basic conceptsfor now.

Example 1.10

Find thefuture (i.e. accumulated) value of $10,000 invested at 6% compound
for two years, and 7% p.a. compound interest for the following four years.

FV = $10,000(1.06)%(1.07)* = $14,728.10
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1.5 Linear interpolation

In many financial situations, it is necessary to estimate a particular value that falls
between two other known values. The method often used for estimation is called
linear interpolation. (There are other forms of interpolation; however, they are
beyond the scope of this book.)

Example 1.11

Suppose that you know the interest rates at two maturity pointson ayield
curve and aretrying to estimate arate that falls at some maturity between
these two points.

Interest
Rate

1 2 Years to Maturity

Figure 1.1 Linear interpolation

The yield curve here is clearly not a simple linear function, but a linear
approximation between two relatively close points will not be too far off
the curve.

We know that the one-year rate is 4.2% and the two-year rate is 5.3%.
Thelinear interpolation for 1.5 yearswill be4.75%, or 4.2 + 5.3)/2. Where
the desired interpol ation is not the mid-point between the two known points,
thefollowing weighting can be applied.

Using the above two points, suppose that we wish to find an interpolated
ratefor oneyear and 40 days (or 1.109589 years). A picture often clarifies
our thinking, solet i, ..., therate we are seeking, be equal to A%, and
draw atimelinefor i =f (time).
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10 1.109589 2.0
| | |
A B C
i, =f(time)  4.2% 5.3%
A

Figure 1.2 Timeline
Length AB =1.109589 - 1.0 =.109589

LengthBC = 2.0 - 1.109589 = .890411

LengthAC=20-1.0 =10

Theratio AB = .109589 = .109589
AC 1.0

and BC = .890411 = .890411

AC 1.0

Theabove problemislikethereverse of aseesaw. When you have players
of different weightsthe heavier one must sit closer to the balancing point of
the seesaw. Here we have shifted the fulcrum of the seesaw and must
place the heavier weight on the shorter end to achieve a balance. The

above ratios are treated as the weights that we apply to find A asfollows:
A = {(4.2% x .890411) + (5.3% x .109589)} = 4.3205479%

The interpolated rate i for one year and 40 days that we have called A is
therefore equal to 4.3205% (rounded to four decimals).

The aboveinterpolation method is used for anumber of financial problems.

It can be applied, for example, to the selection of hedge ratios where more
than one instrument is used to hedge the underlying exposure.

1.6 Real interest rates
In Section 1.2 of this chapter, we introduced the concept of interest and interest
rateswithout giving their economic purpose. Everybody knowsthat adollar today

is not the same as a dollar tomorrow because we can invest this dollar to earn
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interest. But why isinterest offered? There are many reasons and entire books
have been written on the subject. We will briefly describe three.

First, it is assumed that people would rather consume their incomes now rather
thanin the future. To induce peopleto save part of their income and forgo current
consumption, a monetary inducement must be paid. The more you enjoy current
consumption, the moreyou must be paidto save. Theincentivethat you are paidto
save isthe dollar amount of interest, which as we already know can be expressed
asaninterest rate. Thispreferencefor current consumption isknown asyour time
preferencefor consumption. Thehigher thetime preference, the higher theinterest
rate needed to encourage savings.

The second dimension to this story is risk, which comesin various flavors. One
aspect isthelikelihood that your savingswill be paid back (along with theinterest).
The more uncertain you are that you will be paid back (the probability of loss, or
risk), the higher the monetary inducement you will demand in order to save. Itis
beyond the scope of this book to talk about the many aspects of risk, but the
underlying principleisthat the higher therisk, the higher the interest (or monetary
inducement) demanded.

Thefinal dimension of why interest ratesexistisinflation. Inflationistheincrease
inthe level of consumer prices, or a persistent decline in the purchasing power of
money. Suppose that you had a zero time preference for consumption, so you
didn’t demand interest for saving. Further suppose that you knew with certainty
that the future cash flow would materialize, meaning again, you don't requireinterest
tosave. Insuchascenario, youwould still haveto chargeinterest equal to therate
of inflation, just to stay even.

Taken together, these three dimensions make up what is known as the nominal
rate of interest. When we remove one of these dimensions—thelast one, inflation—
we are talking about the real rate of interest. The real rate of interest is the
excessinterest rate over theinflation rate, which can be thought of asthe purchasing
power derived from an investment.

Suppose the rate of inflation is 10%. How much in today’s (time 0) purchasing
power is $1 worth when received in the future (time 1)? The answer is /1.1 =
$0.91 (noticethat thisis Equation (9), wheren = 1). Now suppose that you earned
10% interest over the unit timeperiod. Your real command over goodsand services
at theend of the period would be 1.1 times 0.91, or $1 worth of purchasing power—
exactly the same aswhat you started with. The only way this can happen isif the
real rate of interest you have earned is zero percent. What you gained on the
nominal rate of interest of 10%, you lost on the devalued dollar at the end of the
period. Inthis case, the purchasing power derived from thisinvestment is zero.
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Let usgeneraizethisabit. Let 1t betherate of inflation, and let i be the nominal
rate of interest. Then thereal ratei, is defined as;

(1+i)

1+i, = (1+ 77)

(1+1)
(1+71) ®

In other words, the real compounding factor (1+i,) is equal to the nominal
compounding factor discounted by the rate of inflation.

Thisisthetechnical definition, and the onethat ought to be used when you operate
indiscretetime, aswedid here. You sometimes see an alternative definition of the
real rateassimply thenominal ratelesstherate of inflation. With abit of rearranging,
Equation (9) can be written:

= (i-ml-

T
(1+ m)

]

0
N

(10)

The sign = means, “approximately equal to.” We are saying that the rea rateis
approximately equal to the difference between the nominal rate i, and the rate of
inflation p. You can seethat the approximation worksonly if therate of inflationis
low; otherwise, the second term in the square bracketsisnot small. Thisalternative
definition is convenient because it can be calculated in your head and givesyou a
quick idea of thereal rate of interest. However, it isonly an approximation.

The rate of inflation is just the percentage change of some suitable price index.
Choosing which version of the priceindex to use—the consumer priceindex or the
GDP deflator—is a point of debate. In this case, we are talking about changesin
real wealth and need some sense of what that wealth can buy in terms of consumer
goods and services, so the consumer price index is probably the better choice.
However, the GDP deflator or some other measure of inflation may be more
appropriatein adifferent decision problem.

Thismay not mean much to you if you are not an economist. It'sprobably truethat
it's the economists who are most interested in the real rate of interest. However,
sometimes capital budgeting problems, personal financial planning problems, and
thelike, are cast in terms of real future cash flows, meaning that they are adjusted
for the reduced purchasing power of money at those future dates. In such cases,
the real rate of interest must be used in discounting. The genera ruleis: Like
discounts like. If your cash flows are nominal, use nominal rates; if your cash
flows are real, use real rates.
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A similar principle applies where the cash flows are measured on an after-tax
basis. Inthis case, you have to use an after-tax rate of interest, which is usualy
calculated by multiplying the nominal rateby (1 -t), wheret isthe applicablerate
of tax. Again, thisisan approximation, valid if theproduct i x tisnegligiblein size.
You might have funtrying to define a“real after-tax rate of interest,” but don’t ask
us!

At any rate, the nominal rate of interest will be used throughout this book and is
used in almost all market dealings.
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Money Market Instruments

Appendix 1 |

U.S. Treasury Bills (T-Bills)

T-Bills are direct obligations of the United States federal government. They are
issued at adiscount for periods of three months (91 days), six months (182 days),
or oneyear (52 weeks). Since Treasury bills are the most marketable of all money
market securities they have been, and continue to be, a popular investment for
short-term cash surpluses. T-Billscan be purchased at inception viaadirect auction
or inan active secondary market that providesinstant liquidity. Theincome earned
on T-Billsis taxed at the federal level only. They are sold at a discount and the
priceis calculated using the bank discount method.

Certificates of Deposit (CD)

A certificate of depositisatime deposit with abank, with interest and principal paid
to the depositor at the end of the fixed term of the CD. The denominations of CDs
are at will, ranging from $500 to over $100,000. Aswith other depositsin banks,
the Federal Deposit Insurance Corporation insures CD’s up to the first $100,000.
For smaller (retail) CDs of $100,000 or less, banks can impose interest penalties
where depositors wish to withdraw funds prior to maturity of the contract. Large
(wholesale) CDs, over $100,000, cannot be withdrawn on demand but are readily
marketable, while smaller CDs are not. The secondary market for these larger
CD’sthins asthe maturity lengthens. The price of marketable CD’sisthe present
valueof the principal and interest at maturity using the bond equivalent yield approach.

Bankers Acceptances

Bankers acceptances can best be regarded as 10Us that have been guaranteed by
a bank. Businesses or individuals raising funds issue these to a set face value
promising payment by acertain date and take it along to their bank who ‘ endorse’
it, meaning that they accept repayment responsibility if the business cannot or will
not meet its obligation. This endorsement is the acceptance. Thereis an active
secondary market for these because of their safety (low default risk). They are
sold at adiscount and the priceis calculated using the bank discount method.
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Eurodollars

Eurodollars are dollar-denominated deposits at foreign branches of U.S. banks, or
are dollar-denominated deposits at foreign banks anywhere in the world. Most
Eurodollar accountsarelargetime deposits and are not marketable. A variation of
the U.S. CD isthe Eurodollar CD, which is marketable and widely quoted in one-
month, three-month, and six-month maturities. Aswiththeir U.S. counterparts, the
priceof Eurodollar CD’sisthe present value of the principal and interest at maturity
using the bond equivalent yield approach. Eurodollars are quoted on a money
market yield basis with price calcul ated using a 360-dpy basis so that:

_ FV _ FV
(L+i x 1) (1+i . no.of daysj
360

Repos and Reverses

Repurchase agreements, or repos, are usually very short-term—typically overnight
— borrowing by securities dealers. Reverse repurchase agreements, or reverses,
are overnight lending by securities dealers (i.e. the reverse side of repurchase
agreements). They are collateralised by U.S. Treasury securitiesand are considered
very safe. These loans are priced as a package where the value is the present
valueof the underlying securities using the bond equivalent approach. Thedifference
between the sell price and the buy price will determine the interest rate (using the
holding period yield formula). In arepurchase agreement, the lender will transfer
same-day fundsto the borrower, and the borrower will transfer the Treasury security
to the lender — all subject to the provision that the transactions will be reversed at
theend of therepo term. Such transactions enabletradersto leveragetheir security
holdings.

Commercial Paper

Commercia paper is unsecured short-term debt issued by large well-known
companies for a period not exceeding 270 days. Maturities longer than 270 days
must be registered with the Securities and Exchange Commission and are very
rare. The denominations arein multiples of $100,000 face value and are sold at a
discount from face value using the bank discount approach. Commercial paper is
sold directly by theissuing corporation or by securities dealers.
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Fed Funds

Federal Funds, or Fed Funds, include cash in amember bank’s vault and deposits
by member banks in the Federal Reserve System. The amount of Federal Funds
required is determined by the Federal Reserve and is a percentage of the member
bankstotal deposits. During the normal course of conducting business, some banks
at the end of the business day will find themselves below the required percentage,
while other banks will find themselves above the required percentage. The bank
that is below the required percentage must get up to this percentage. The Fed
Funds market exists so that banks in surplus can loan to banks that have a deficit.
The loans are usually overnight. This market is only for member banks, but the
interest rate that prevailsin this market is believed to be the base rate for al short-
term rates in the United States and, by extension, much of theworld. Thisrateis
one of the key monetary variables that the Federal Reserve Board targets when
setting monetary policy.
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10.

Compute P (possibly using mathematical Appendix A.1),

[1-((2.06)*)° ]
1-(1.06)°
Find the annual compound rate at which $800 will double after eight years.

where P = (1.06) x

It is known that $4000 will accumulate to $4500 after five quarters. Find the
quarterly rate of compound interest.

With interest at 6% per annum compound, how long will it take $1000 to
accumulate to $1500?

A target retirement benefit of $200,000 is to be provided after seven years.
Thisbenefit will befunded by aninitial contribution of $70,000 and alump sum
payment after fiveyears. If thefund earns 8% per annum compound, determine
the lump sum required after five years.

A certain vintage car is expected to double in value in 12 years. Find the
annual rate of appreciation for thisvehicle.

How long does it take to triple your money at 10% per annum compound
interest? (Hint: Uselogs. See mathematical Appendix A.4.)

A specia “bond” pays $60,000 in three years and a further $80,000 in five
years from now. Determine the price of the bond assuming that the interest
rate for thefirst three yearsis 3.5% per half-year compound and 4% per half-
year compound thereafter.

Calculate the holding period yield on a 90-day Certificate of Deposit (CD)
bought at ayield of 5.0% p.a. and sold five dayslater at 4.8% p.a.

Suppose that on April 16, 2001, the following yields prevail in the market for
US Treasury notes:
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Maturity date Yield % p.a.
Feb 15, 2004 4.14%
May 15, 2005 4.34%
Aug 15, 2006 4.66%

Using linear interpolation, find the approximate four-year and five-year points
on the aboveyield curve (as of April 16, 2001).

. If you are familiar with Excel you might like to try the following problem;
otherwise you may prefer to attempt answering the question after you have

read Chapter 5.

In Question 1 you were asked to compute the value of P. Now suppose you
had entered the equation for P into your Excel spreadsheet as:

P=(1.06* (1-(1.06)"-2)"3/1-(1.06)"2

Would Excel object, and why? How would you fix it?
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The Valuation of Cash Flows

In the last chapter, we saw that T-Bills and other similar financial instruments are
single-payment securities. Many financia instruments are not single payments
but are a series of extended payments, so we need to modify our val uation concept
to include multiple payments. Coupon bonds are a good example of such a series,
typically paying acash flow (coupon) every six monthsand at the end, the return of
the original capital. Thus part of this and other chapters will look at the trading
conventions and pricing for bonds. We shall also discover that bonds comein all
varieties, and that they can be priced in terms of competing versions of what
congtitutes an interest rate.

The second part of the chapter shifts the perspective somewhat. Valuing one bond
is straightforward enough, once you have decided on the right way to do it. But
what about valuing aportfolio of bonds, or controlling therisk of aportfolio against
changes in general interest rates? We look at some of the basic tools for doing
this, and in particular, the concept of duration, a sensitivity measure used by fixed-
interest analysts and managers.

In thischapter wewill also consider some of theinstruments used in the management
of interest rate risk, including T-Bill, Eurodollar and Bond futures contracts.
Derivatives of thiskind can also be used for open position taking, i.e. speculation.
We will look at the terminology, market trading conventions, and pricing.
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2.1 Notation and definitions

Annuity

Derivative

EAR

A series of equal cash flows occurring at equal timeintervals. There
aretwo types of annuities. An ordinary annuity (or deferred annuity)
pays cash flows at the end of the period (sometimes referred to as
paying in arrears). An annuity due pays cash flows at the beginning of
the period.

Infractional discounting, number of days from settlement date to the
next interest date.

Number of days from last interest date to next interest date (i.e. total
number of daysin the current interest period).

Annual coupon rate, expressed as a decimal.

The coupon payment (FV x ¢/2 for abi-annual coupon).

Macaulay duration: aweighted average of the times to receipt of a
specified group of cash flows, the weight being proportional to their

present values.

An instrument whose price istied in someway or derived from,
the price or yield of anather instrument (the underlying ‘ physical’).

Effective annual interest rate. The true annua rate where a given
nominal rate is compounded more than once inside ayear.

Nominal or face value of the bond.

The effective interest rate for the period ended at timet, expressed as
a decimal. The subscript, t, is omitted if the interest rate is constant
each period. Inthiscase, i isthe effectiverate per period. (Aswewill
see later, thiswill beequal tor_/m.)

Thenominal annual interest rate (APR) compounded mperiodsduring
the year.

Effective rate per annum. The interest rate that would produce the

same ending value, aswould haveresulted if annual compounding had
been used in the first place.
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n

PV

PVIF,,
PVIFA,

PVA

PVA

IRR

Forward

Futures

The number of compounding periods. In the case of an annuity, the

number of cash flows. In the case of a coupon bond, the number of
coupons remaining until maturity.

Market value or price of the bond.
“Quoted” price, asdistinct from invoice price, of abond.

The present value of the i payment.
1 3 n
Present valueinterest factor. Thisisequal to .y or= (1+i)"
Present value interest factor for an annuity. This is equal to
1- 1
@+i)"
: :

The present value of an ordinary annuity. Theletter “A” isadded to
distinguish the present value of an annuity from other present values.

PVA=Cx PVIFA..

The present value of an annuity due. The subscript “D” is added to
distinguish the present val ue of an annuity duefrom ordinary annuities.

PVAp =Cx PVIFA;, x (1+1).
The time at which the i payment is made or received.

Internal rate of return, or the yield to maturity. Thisisthe rate of

discount that equates the price (cost) of abond or bill to the present
value of the cash flows—the coupons and the face value payment.

A forward contract is an agreement calling for future delivery of an
asset at a price agreed upon at the inception of the contract.

A futures contract is a forward contract where the asset isin
standardized units, quality and quantity, and which ismarked to market

(valued) every day until maturity. Futures contracts are traded on

exchangeswhileforward contracts are over the counter instruments—
that is, not exchange-traded.

Invoice versus quoted price

For a bond, in some markets including the US, the invoice price is
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what you actually pay. The quoted priceislower by the amount of interest accrued
since the last coupon date.

2.2 Cash flow representation

Almost al problems in finance involve the identification and valuation of cash
flows. Transactionsinvolving many cash flows can rapidly become complicated.
To avoid making errors, it is helpful to follow a systematic method, such asusing
acash flow schedule or atimeline diagram to clarify dates, amounts, and sign (+
or -) of each cash flow.

Example 2.1a

Let’s value the following cash flows: $2.8m is to be paid out at the
beginning of year three (thisisthe same as saying $2.8m at the end of year
2), $2.1misto be received at the end of year four, and $1.8misto be
received at the end of year five. Calculate the value of these payments
today, assuming a compound interest rate of 6.5% p.a. throughout.

Timeline diagram

The horizontal line in Figure 2.1 represents time. A vertical line with a
positive cash flow represents an inflow, and avertical linewith abracketed
amount represents an outflow. The timeline and cash flow schedule
below illustrate the three cash flows.

($2.8m) $2.1m $1.8m

0 1 2 & 4 5
Value (= 0)

Figure2.1 Timeline
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Cash flow schedule

Cash flow Cash flow At the left is a schedule of the timing

Time (Years) ($m) and amounts of the cash flows.
Inflows are expressed as positive
0 0.00 numbers and outflows are expressed
1 0.00 as negative numbers.  Additiona
2 -2.80 columns could be used to identify the
3 0.00 sources and destinations of cash
4 2.10 flows. This layout is similar to the
5 1.80 way you would set up the problem in
a spreadsheet.

Knowing the size, sign and timing of the cash flows, we can proceed with
valuing them. Formula (8) from Chapter 1 will be used to solve for the
present value of each cash flow. The present values for the three cash
flows will then be added together and this sum constitutes the present
value of the set of cash flows.

PV = $-2.8(1.065)% +2.1(1.065)* +1.8(1.065)° = $477,518

By definition, the present value of a set of cash flows is simply the sum of the
present values of theindividual cash flows. When everything isvalued to the same
point intime, you are comparing appleswith apples. Attimes, it may be necessary
to value cash flowsto apoint in time other than the present, that is, to apoint intime
other than t = 0. The following example illustrates the valuation of a set of cash
flowsto afuture point in time.

Example 2.1b

Calculate the accumulated value of the cash flows in Example 2.1a at
timet=3.5years(that is, halfway through thefourth year) again, assuming
a compound interest rate of 6.5% p.a.

The value halfway through the fourth year is equal to:

Value;s = PVx(1.065)*° = 477,518%(1.065)>*° = $595,269.16
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2.3 Valuingannuities

Many situationsarisein practice where aseries of equal cash flowsoccur at regular
equal timeintervals. Such aseries of paymentsiscalled an annuity. Annuitiesare
very common. Examples include lease payments, insurance premiums, loan
repayments, and fixed interest coupons. When a set of cash flows does form an
annuity, calculating the present value is relatively easy. Aswe shall see, itisno
longer necessary to value each flow separately.

Example 2.2

The present value of an ordinary annuity

In an ordinary annuity, the cash flows fall at the end of each period.
Consider aseries of $1 payments at the end of each year for five years at
6% p.a. compounded. Using the definition for the present value of a set of
cash flows, we would do the following calculations:

PVA = $1(1.06)* + $1(1.06)? + $1(1.06)° + $1(1.06)* + $1(1.06)"
= $1(0.9434 +0.8900 +0.83962 +0.79209 + 0.74726)
= $4.21236

Thus, for aninvestment (loan) of $4.21, at 6.0% you would receive (pay)
$1 per year for five years at the end of the period (in arrears).

Noticethat for an ordinary annuity, the cash flows are such that when we calculate
the present value, all cash flows are brought back (discounted) to one period before
thefirst cash flow isreceived (or paid out). When we discuss the present val ue of
an annuity due, thiswill not be the case and will necessitate an amendment to the
annuity formula.

Ordinary Annuity Formula

Toillustrate how the formulais derived, consider Example 2.2 above, except that
we shall remain a bit more general with an arbitrary interest ratei.
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PVA = $1[(1+i)* + (A+i)2 + (1+i)® + (A+i)* + (A +0)9.

Multiply both sides of the equation by (1+ i), and we get:
PVA(1+i) =811 +@+i)* + (A+i)2 + (A+i)3 + (A+i)9.

Subtracting the first equation from the second , PVA(1 + i) — PVA:

PVA(L+i) - PVA = $1x|1- (1 +1)™|
That is:

i x PVA=$1>{1—L}

(i)

Then the present value formulafor afive-period ordinary annuity where the cash
flow is$lisgiven by:

1

_(1_+i)5

PVA = $1x

Using the same methodology, we can solve for the present value of any n-period
ordinary annuity with cash flow C and interest ratei using the following formula:

1

_m

PVA=C x (1)

Thetermin bracketsiswritten asPVIFA, , the present valueinterest factor
for an annuity.
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Example 2.3

How much money would you be able to borrow if you had to repay the
loan in 20 years with equal annual payments at an interest rate of 10.5%,
if the most you could afford in annual paymentsis $3,000? Assume the
first payment isin one year’stime.

1
(1+0.105)%

PVA = $3,000%
0.105

PVA = $3,000 x [8.2309089] = $24,629.73

Present value of an annuity due

In an annuity due, payments are made in advance rather than in arrears. Let us
revisit Example 2.2, but move the cash flows to the beginning of the period (or in
advance).

Example 2.4

Using the definition for the present value of a set of cash flows, we would
do the following calculations:

PVA, = $1(1.06)° +$1(1.06)* + $1(1.06)* + $1(1.06)° + $1(1.06)*
= $1(1+0.9434 +0.8900 +0.83962 + 0.79209)
= $4.46511

Thus for an investment (loan) of $ 4.47, you would receive (pay)
immediately $1 per year for five years, at 6%. Notice that this amount is
1.06 timeslarger than the $4.21 we got when we solved this problem before.
Thisisno coincidence. If you compare the above calcul ation with the one
for the ordinary annuity, you will noticethat thethereisonelessdiscounting
period for every cash flow. We could take the first set of calculations (for
the ordinary annuity) and turnit into theannuity due cal culationsby multiplying
each cash flow by (1 +i).

(1+1i) PVA = PVA,
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You will notice that for an annuity due, the cash flows are such that when we
calculate the present value all cash flows are brought back (discounted) to when
the first cash flow isreceived (or paid out). Remember that for the present value
of an ordinary annuity, thisis not the case.

Annuity dueformula

Asindicated above, we could replicate the argument used to derive Equation (1),
but the only difference would bethat all of the termswould be multiplied by (1+i).
The resulting formulais:

1

PVA, =C x —(1i+i)n x(1=1) @

Be careful when working with annuity problems. The time period to which the
cash flows are discounted determineswhether you solve the problem with Formula
(1) or (2). If al of the cash flows are discounted to one period before thefirst cash
flow, use Formula(1). If al of the cash flows are discounted to when thefirst cash
flow occurs, use Formula (2).

2.4 Quotation of interest rates

Interest rates tend to be quoted in many different ways, which sometimes makes
comparison between quotes a problem. Aswe saw in Chapter 1 this was one of
the reasons Congress passed the Consumer Credit Protection Act of 1968. Even
though we discussed thistopic briefly in Chapter 1, alittle more detail isnecessary.

Compound interest is cal cul ated at the end of each interest period and compounded
into (added to) the principal. The number of times interest is compounded in one
year iscalled the compounding frequency per annum. The period of time between
successive compounding is called the interest period.

Nominal (APR) and effective rates of interest

If $10,000 is invested at a nominal rate of 12% per annum with monthly
compounding, the effective monthly returnis 1% compound and the effective annual
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return is significantly higher than 12%. For at the end of 12 months, the $10,000
would have grown at 1% compound per month to $10,000(1.01)*? = $11,268.25.
If you look at theinterest accumulation (by subtracting the principal of $10,000),
you can see there is $1,268.25 of interest earned on a principal of $10,000. This
represents an annual effective rate of 12.6825%. In other words, if you used a
12.6825% p.a. interest rate compounded once during the year you would earn the
same as with the 12% compounded monthly in the above example.

Thisisthe meaning of effective annual interest rate, EAR. We can seefrom Table
2.1 below that as compounding frequency is increased, keeping the nominal rate
constant, the effective rate increases.

Table2.1 Compounding frequency and effectiverates

Compounding Nominal Rate % Effective Annual Rate %
Frequency p.a. (APR)
Annually 6.00 6.00
Semi-annually 6.00 6.09
Quarterly 6.00 6.13636
Monthly 6.00 6.16778
Daily 6.00 6.18315
Continuous 6.00 6.18365

Up to this point, we have used the letter i in equations to denote the relevant
periodicinterest rate. We have used such interest ratesin arelatively general way,
but now we are going to be more specific and introduce subscripts, so it becomes
much clearer to switch to the letter r.

Consider $1 invested for a year at the nominal rate of r . This means that the
interest compounds m times a year, and that the effective rate per compounding
period when there are m periods per year is r_/m.

By the end of the year, the investment will accumulateto $1(1 +r_/m)™. This

represents the original $1 invested plus interest of (1 +r_/m)™ - 1. Thus, the
nominal rate of r_isequivalent to an annual effectiverate of (1 +r_/m)™ - 1.
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Consistent with this notation, define r,as the effective rate from only one
compounding during the year (in other words, just the effective annual rate). We
seethat r and r arerelated by the following formula

(1+r1) =(1+ rm/m)rn 3
so that:
rp=@Q+r /mn-1 (4)

Let's take a moment and look at Equations (3) and (4). The left hand side of
Equation (3) is a one year future value interest factor using the effective annual
rate; theright hand sideisthe oneyear future valueinterest factor using the nominal
rate with an adjustment for the number of compounding (conversion) periods.

Notice also that Equation (4) above gives the same result as Equation (1) from
Chapter 1 becauser /misequal toi, the periodic rate. Thus, the introduction of
r.,/m formalizes the way in which we calculate the periodic rate introduced in
Chapter 1.

Example 2.5

Find the effective annual rate of interest corresponding to 6% (nominal)
p.a. compounded (convertible) quarterly.

Here, r = 6%pa, and m=4

m

1+ .06/4) -1

Hence from Formula (4), r,

1.0613636 -1 = 6.136%

As an exercise, you can now check the entriesin Table 2.1 above, except
for continuous compounding which we will discussin Section 2.5.

Sometimes it is necessary to work backwards from the effective annual rate of
return to find the nominal rate. The next examplewill show us how to accomplish
this.
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Example 2.6

What nominal rate compounded every month will equate with an effective
annual rate of 6.16778%? In other words, solve for r_, where m=12.

From expression (3) above: (1+r,) = (1+ r_/m)"
Hence (L+r)"™ = (1+r_/m)
(L+r)™ -1 =r_/m
m((L+r)m-1) =r_
So that, ro=m(@+r)¥m-1)
In our case: r, = 12((1+.0616778)"* - 1)
= 6% p.a. nominal compounding monthly

Of courseyou probably aready knew the answer. Look at Table2.1 again.
Thisisjust the monthly compounding number.

Itismarket practice to expressinterest rates as nominal rates per annum. However
the nominal rate is strictly meaningless, unless the compounding frequency is
specified, or understood. Likewise, specification of theinterest period is essential
when speaking of effective interest rates.

Equivalent rates

Now weintroduce away to convert from one nominal rate, with a specified number
of compounding periodsin ayear, to another nominal rate, with adifferent number
of compounding periods, when they have the same equivalent annual effective
rate. Wewill differentiate between two nominal ratesby using r, to represent one
and r, to represent another.

Using (3) again:  (1+r,) = (L+r /m™, and (1+r, )= (1+r /K"

so (L+r /)™ = (1+r, /K

from which r,= m@+ rJ/k9m -1) (5)
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Applying thisformulato different nominal ratesthat do not have the same equivalent
annual effective rate will give you nonsense.

Example 2.7

From Formula (4), we know that the effective rate for 5% nominal p.a
compounded monthly is5.11619% =r = ((1+ .05/12)* - 1) x 100%.
What isthe nominal rate compounded quarterly that hasthe same effective
rate?

Using expression (5), we get:

r, = 4(1+ .05/12)% - 1) x 100% = 5.02086%
The answer is 5.02086% nominal compounded quarterly. To check this
result, try using Formula (4) and computethe effectiverate. If theeffective
rate is the same as above, you have the correct answer.

r, = (1+ .050286/4)* - 1=.0511619 or 5.11619%

Theeffectiverates are the same, so 5% nominal p.a. compounded monthly
is equal to 5.02086% nominal p.a. compounded quarterly.

Some guidelines on cash flow valuation and effective return:
1. The effective return must match the cash flow frequency

When valuing cash flows, remember to match the effective rate
per period with the frequency of the cash flows. So, for example,
if cashisrolling over monthly, an effective monthly rate should be
used for valuation purposes.

2. When the investment or borrowing period is less than one year,
adjust the effective return to an annual basis for comparison
pur poses.
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Example 2.8

Suppose that interest is paid at a nominal rate of 8% p.a. every 90 days.
Thisinvestment rollsover so that interest isearned on theinterest. Assume
that it compounds at the same rate for three periods of 90 days each. What
is the effective annual return for the investment?

The effective 90 day rateis 8% x 90/ 365

1.9726027%

.019726027 expressed as a decimal

Compounded for three periods of 90 days at the same rate, the effective
rate becomes:
(1.019726027)3

1.0603531
That is, the effective return over the 270 daysis:
= (1.0603531- 1) x 100 = 6.0353%

Asthe investment does not benefit from another compounding period, to
find the effective annual rate, simply perform apro-rataadjustment to 365

days.

Effective annual rate = 6.03531 x 365/ 270 = 8.1588457%

2.5 Continuoustimecompoundingand discounting

Go back to thediscussionin Section 2.4 and look at Table 2.1 again. Youwill notice
that as the compounding interval gets smaller, the effective annual rate tendsto a
limit, whichis provided by continuous compounding. This meansthat therearean
infinite number of infinitesimally small compounding periodswithintheyear.

You will recall from Formula (3) or (4) that if there are m compounding intervals
inside ayear, then the annual effective compounding factor is
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@+r/m)m

where we have written the nominal annual rate asr. To simplify the discussion,
we have dropped the subscript m, which isimplied in therate, r. Infact, in what
follows we are going to keep the rate r constant as the compounding period m
varies, just aswedidin Table 2.1. Of course, the basic unit of time here could be
anything we please, but the usual practiceisto normalizethetime unit asoneyear.
We already know that the effective interest rateis higher than the nominal annual
rate r, and how much greater depends upon the compounding frequency (m).

Now, what happens as the compounding intervals diminish: down to a
month, then aweek, then a day, an hour and so forth? Or equivalently,
the number of intervals m grows larger and larger? There is a mathemati-
cal result that says:

limit (1+ )" = &,
m- o m
Here the number e is the base for natural logarithms, one of the most important
constantsin mathematics. It isapproximately equal to 2.71828. Most calculators
and all financial calculators have an e key which raises e to the x" power, and also
can calculateitsreverse: if y=e€, thenx=1In(y), where the symbol In denotesthe
natural logarithm.

As you reduce the length of the time compounding interval, you are approaching
continuous time where you have an infinite number of infinitesimally small time
units. Sothemathistelling usthat the continuoustime compounding factor isequal
to €, wherer isthe nominal annual rate, as mtendsto infinity.

For the nominal annual rate of 12%, you would raise eto the 0.12 power, €*?, and
get 1.127497. Subtracting one (1) from thisnumber asin Equation (4) and converting
to apercentage, you get the effective annual rate as 12.7497%, the last number in
Table 2.1.

What about future values? Recall Equation (7) of Chapter 1, which says that:
FV = Py x (1+i),

wheret is the number of complete years.
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If we have more than one compounding period in a year, substitute r_ for i to
denote the nomina rate. The formulabecomes:

FV = Pyx (1+rp/m)™ ©)

Equation (6) isthe lump sum future value formulawhen there are m compounding
periods in ayear. Letting the units of time become infinitesimally small, and m
infinitely large, changes Equation (6) to:

FV = Pox ¢ (7)
Similarly, the present value formula (Equation (8) in Chapter 1) becomes:

PV = Pp= FVx " )

Hence, the exponential function assumes the role of the continuous time
compounding or discounting factor. The astutereader will noticethat since Chapter
1, we have changed nto t. The change is necessary because of the convention of
using t in continuous time problems.

Equations (7) and (8) are functions of t. Equation (7) has another useful
interpretation. To develop it, we shall need a bit of differential calculus (if your
math does not extend this far, skip the derivation and just note the final result).

d I [
Differentiating Equation (7) and using &[et] =re" | we get:

dFY _
dt

=rFV, using (7) again.

This can be written:

dFV
dt .
FV

Thisequationillustratesthat the instantaneous proportional rate of change of one's
capital isequal tothenominal rate, r. Or you could say the proportional changeis
equal to the nominal rate times the small time interval dt. Our capital is growing
at an instantaneous rate of r %.

Much of advanced theory in financeis cast in terms of continuoustime. Thereisa

saying among mathematicians: “God made the integers, but man made the
continuous.” If so, man certainly made things easier for himself, because the
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mathematics of continuous time turn out to be much more powerful than that for
discrete time. We will revisit this later when we discuss stochastic processes.

In the meantime, we note a more practical point. Once you get down to discrete
compounding intervals like aday, it turns out that the difference between this and
the continuous time valuation is so small that people often choose the ease of
continuoustime-based cal cul ations.

2.6 Fixed interest securities
Coupon bonds
Coupon bonds are financial instruments that require the issuer to pay:

* A fixed amount, the face value (or principal), on the maturity or redemption
date

e A number of periodicinterest payments, known as coupons, of an amount that
isfixed at the time the bond isissued. Itisusual for the coupon to be paid
semi-annually.

The market value of abond should equal the present value of itsfuture cash flows
(wherethe cash flows consist of itsface value and the periodic coupons) using the
current market yield.

For the discussion that follows, we will return to our original notation, using i to
denote the effective interest rate per period.

The price of acoupon bond (P) isgiven by:
C C (C+FV)
P= — + —— + ... + =,
@+ @+i)? @a+iyn ©)

where C stands for the coupon amounts and FV is the face value of the bond.
When calculating the price of abond, it is assumed that the bond will be held to
maturity, and that the coupons will be reinvested at the current market yield to
maturity.

This assumption implies that we can rewrite Equation (9) as:

PA+i)" =C{+i)"™ +C@+i)"?+...+C+FV,
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meaning that abuyer of the bond should be ableto achieve an accumul ated
sum of P(1+i)".In other words, you should beindifferent between accumulating
the cost P, on the one hand, and the stream of rewards, on the other, all at the
samerateof interest, namely i.

For an investor, the above assumption results in a reinvestment risk. |f interest
ratesfall and remain bel ow the purchase market yield, the couponswill bereinvested
at a lower rate. Should the investor hold the bond to maturity under such an
interest rate scenario, the actual yield achieved by the investor will not match the
yield implicit in the price at which the bond was purchased. If interest ratesrise
and remain above the purchase market yield, the coupons will be reinvested at a
higher rate and the actual yield will be higher.

In the United States the market tends to trade bonds on the basis of price. Given a
market price P, Equation (9) determines the effective rate per period (i) as the
internal rate of return (IRR) on the bond. This IRR is the per period rate which
equatesthe present val ue of the cash flowsfrom the bond, including its repayment
of principal, withthe market price, P. If the couponsarepaid every six monthsthe
IRR will be asix-month rate and will need to be multiplied by two to annualizeit.

In some other parts of the world, such as Australia and New Zealand, bonds tend
to be bought and sold on the basis of market yield, which is quoted as a nominal
annual rate. Asthe effective periodic rate, i, used in Equation (9) is usually semi-
annual, you will need to take the quoted nominal annual rate and divide by two to
calculate price.

Readers familiar with corporate finance will know that the internal rate of return
of aproject is the discount rate that equates the present value of the project cash
flowswith the upfront cost of the project. Thisisexactly theideabehind Equation
(9), where the coupons and final principal payment correspond to the cash flows
and the given price of the bond to the upfront cost. 1n some circumstancesinvolving
cash flows of aternating sign, there can be multiple different rates of return from
a given set of cash flows, but this awkward property does not feature in bond
pricing, where therate is always unique. As mentioned above, the assumption in
using theinternal rate of returnisthat it implicitly assumesthat all couponsreceived
arereinvested back into afinancial instrument with exactly the samerate of return
as the bond. There is no reason this should automatically be true, and in most
casesitisn't. Therefore, it can be hazardous to compute the yield from one bond
and then usethisyield to find the price for another. We'll discussthisfurther inthe
next chapter.
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The above bond pricing Formula (9) is ssmple enough to apply if the number of
coupon periodsleft torunisfew, or if you have sometimeand acomputer. However,
using what we have learned about annuities (Section 2.2), we can take a shortcut
inour calculationsto find the present val ue of acoupon bond. The coupon payments
valued as an ordinary annuity, along with the present value of the lump sum
repayment of principal or face value, determine the total value of the bond. Thus,
we can combine Equation (1) from this chapter and Equation (8) from Chapter 1,
to get a closed form alternative.

P=C x PVIFA,+ FVxPVIF;, (10)

Example 2.9

Using Formula (10) above, we can price a bond that has four years (eight
six-month periods) until maturity. Suppose the bond has a face value of
$100 and pays semi-annual couponsof 12% p.a., and that the market yield
for the bond is currently 12% p.a. (compounding semi-annually, i.e., 6%
effective per six-months).

The semiannual coupon paymentsare:  $100 x .12/2 = $6

Hence, on the basis of a notional $100 face value, the price of the bond
will be: 100
P = 6 xPVIFAgs + 5
(1+.06)

1
1_( SJ 100
6x_ \L106") 100
006  (L06)
37.2587629 + 62.7412371

100.00

Note that in the bond markets, no $ sign would be associated with the above price.
Bondsare normally issued in multiplesof $1,000 for corporate bonds and $10,000
for government bonds in the US. To keep things consistent, bond prices are
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frequently calculated as a % of face value. Thus, the price means that the bond
sells at that percentage of its face value. To convert to the dollar price, simply
multiply the FV of the bond by the price (% of its face value). Because of the
various face values for bonds in the US, it is important to keep calculation to at
least seven decimal places for accuracy.

From the example above, we see that abond priced on its coupon date at the same
yield asits own coupon, will be worth only its face value—no more and no less.

Example 2.10

Suppose that the market yield isin fact 13% for the bond in Example 2.9.
Assume the same 12% coupon and 4 yearsterm left to maturity. Then the
price for the bond will be:

100

P=6 x PVI FAS,.065+—8
(1+ .065)

1-(1.065)°® 100
X +

=6 5
065 (1+0.065)

= 36.5325058 + 60.4231188

= 96.9556245

In this example, the price of the bond is given to seven decimal places. Thisis
necessary as the majority of such bonds are bought and sold in amounts of ten
million or more.

When market yield increases above the coupon rate, the price of the bond will fall
below its face value—the bond is said to sell at adiscount. On the other hand, if
the yield were 11% instead of 12%, the price would be 103.167 2830. Since the
bondinthiscaseisselling aboveitsfacevalue, it issaid to be selling at apremium.
Thiswill occur whenever the market yield falls below the coupon rate.

Formulas (9) and (10) assume that the bond is valued with one full discounting

period remaining before thefirst coupon isreceived, such that nisawhole number.
What happens when n is not a whole number?
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Sigma notation

Recall Equation (9), which we reproduce below:

_ c , c , (C+FV)
(1+I) (1+|)2 ..... (1+i)n ’ (9)

Formula (9) can aso be written:

. C ., _FV
a+ i @+ (@)

P= s

The sigmasign refersto asum (2 isthe Greek S). The representative index k in
the sum is specified to range from 1 to n, reproducing the terms involving C in
Equation (9).

Bond pricing —less than one discounting period from the next coupon

Equation (9) can be modified to deal with fractional time periods. To illustrate
this, suppose that coupons are paid half yearly, the unit of timeis half ayear and
the market yield i isaso on asix-month basis (half the annual rate). Figure2.2is
the relevant timeline. Inside a given half-year there are b days (so b may equal
180, 181, 182, 183, or 184 days according to the coupon month and the day-count
convention). You want a price with ‘a’ days to the next coupon date.

Find price here P PV

I I I |
<— g days —>» k=1 k=2 —>

<—— p days —> k=n

How would you value the bond at the required point in time? Well, we know how
to find the value PV, at the next coupon date. In terms of sigma notation (see
Equation (9") above) it would be:

PV, = {(ztﬁg ¢ kJ+ PV j :
(1+1) (L+i)°

Using fractional discounting, the value at the required point must be:
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Combining the two steps, this turns out to be same as writing:

_ w, C FV
P— Zk:O a + a ] (11)
@+i)p" @+i)p""

which isthe general formulafor the bond price with fractional discounting.

Fractional discounting assumesthat the periodic interest rate appliesto thefractiona
time period. Be careful when using fractional discounting—it’s only valid when
the financial contract stipulatesit in writing, or when market participants useit by
convention. In the case of bond pricing, markets adopt this form of fractional
discounting by convention.

Here'san additional wrinkle. Therearetwo pricesfor bondsthat sell inthe United
States (and other countries): the invoice price and the quoted price. The invoice
priceisthe Pfrom Equation (11). Thisisthetotal that you will pay for the bond.
The quoted pricewill belower by the amount of interest that has accrued sincethe
last coupon payment. Thisinterest amount isnot acompounded amount, whichis
what we are doing in Equation (11), but is asimple interest amount. Mixing two
interest payment systems— simple and compounding—isacuriosity of bond math
which tends to be a challenge for the novice price maker.

The quoted price formulais,

. C FV a
Po= | Zi50 .t . ‘C"(l‘bj (12)
(L+i)o @A+i)p "

Transforming Equation (11) into aclosed form gives us:
P={@+i)™ | x [Cx@+PVIFA,) + FVxPVIF,] . (13
Transforming Equation (12) into aclosed form gives us,

P, =[@+ ] x [cx@+PvIFA ) + FVxPVIF, ] -Cx (1-%) (14)
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To make matters worse, a and b are not the same for al bonds. For US federd
agency and corporate bonds, aiscalculated using athirty day month and b isbased
on a 360 day year (180 day half year). For US Treasuries, ais the actual number
of daysfrom settlement date to the next interest date, and b isthe actual number of
days between coupons.

Example 2.11

Find the invoice price for the March 31, 2003 US Treasury issue with a
coupon rate of 4.25% p.a. The market yield is currently 4.283% and
settlement dateisApril 19, 2001. The semi-annual couponsare $2.125 per
$100 facevalue (C=4.25). Thenumber of full coupon periods|eft to run
isthree (n =3, from September 30, 2001 to March 31, 2003). The number
of days from settlement date to the next interest date is 164 days (a =
164). The number of days from the last interest date, March 31, 2001, to
the next interest date, September 30, 2001, is 183 days (b = 183). The
current market yield is 2.1415% per half year (i = 0.021415).

We will use Equation (13) for pricing the bond. Per $100 face value, the
bond will priceat:

-164

P= [(1+ 021415 ) 183 } x [2.125 x (1 + 2.875953 ) + 100 x .9384115 |

= 0.9811902 x [102.0775468]
= 100.1574861

This determines the total amount to be paid for the bond — the invoice
amount.

The quoted price per $100 face value is the invoice price less the accrued
interest. The term we have to subtract is:

cx[1-2)=2.125x[1- 14 | = 0.2006284
b 183
Hence, the quoted price per $100 face valueis:

100.1574861- 0.2206284 =99.9368577 Ll 99.94
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Zero-Coupon Bonds

Zero-coupon bonds consist of just a single cash flow, paid at the bond's maturity
date. There are nointervening coupons. Inthe US, taxes are computed on capital
gainaswell asordinary income. This places zero-coupon bondsat a psychological
disadvantage to coupon bonds. Peopledo not like paying taxes on something from
which they aren’t earning income. Thisiswhy zerosare popular in IRAsand other
tax advantaged accounts. In some countries where tax is assessed on a cash flow
basis, these zeros enjoy a considerable tax advantage. In addition, zero coupon
bonds have considerabl e theoretical importance in finance.

In general, zero coupon bonds:

e haveaninitial term of greater than 1 year
* have no intermediate cash flows

e areaways purchased below face value

e usually have six-month compounding.
The zero pricing equation is:

_FvV
(MJ” (15)
2

where r = the nominal annual zero-coupon rate expressed as a decimal
andn = the number of half-years to maturity.

Example 2.12

Price aten year zero-coupon bond with face value $1m at a market yield
of 7% p.a. Assume the usual semi-annual compounding.

p = $1,000,000

20
1+_g
2

If the market yield increases to 8%, the bond re-prices to:

= $502,565.88 .
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_ $1,000,000
P="——"%
08
=)
2

The bondholder will incur acapital lossof $46,178.93, avery significant
“hit” for an initial investment of $502,565.88. We can express this as a
percentage loss:

$46,178.93
$502,565.88

= $456,386.95 .

x 100% = 9.18863% .

Notethat thiscapital losswill not berealized until the holder sellsthe bond.
It does, however, represent the opportunity cost of holding the instrument.

The problem of potential capital lossis an extremely important one for
thosewho hold investmentsor issueliahbilities, soitisworthwhileto compare
the sensitivity of such aninstrument to that of other financial instruments.
Suchinformationwill be highly useful to portfolio managersmaking decisions
about purchases and sales (or issues and buy backs) of assets (liabilities)
given various expected interest rate changes.

To illustrate this, consider a much shorter-term security, for example, a
discount instrument such as a CD, and evaluate the change in its value
given achange in interest rates.

Example 2.13

Price a 90 day CD with a face value $1m when the market yield is 7%.
Recall that we can pricethissecurity directly using Formula(4) from Chapter
1, because CDs are priced using the bond equivalent approach:

FV

1+ ( [ xnj
365

Price =
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where:

FV
n
i

face or nominal value of the security
number of days from settlement date to maturity
(nominal annual) yield for securities of n daysto maturity.

Given the numbers quoted above, we have:
$1,000,000

Price 5
1+ 0.07x—
( 365}

= $983,032.59

Now, suppose that the instant after you bought it, the market re-prices the
90-day CD yield at 8% p.a. The new priceis:

Price = 31000000 _ $980,655.56

1+ [0.08 X 90)
365

If you decide to sell with 90 days still to run, you will record acapital 10ss
of $2,377.03. Ontheother hand, if the CD isheld to maturity you will earn
7% instead of 8%, which could have been earned had the purchase been
better timed. You have incurred an opportunity loss of 1%.

Expressing this capital |oss as a percentage:

_$2377.03 10006 = 0.241806% .
$983,032.59

In summary, when interest rates move from 7% to 8%, there is a capital
loss of 0.24%.

Clearly thisinstrument isfar less price sensitive to changesin theinterest rate than
amuch longer term instrument such asthe ten-year zero coupon bond in Example
2.10, wherethe capital losswas 9.2%. Theissue of value sensitivity isgoing to be
important for fixed interest managers, and we take this up in the next section.
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2.7 Duration and value sensitivity

While the concept of duration is commonly applied to bonds and other traded
fixed interest instruments, it can be applied to any set of cash flows. Durationisa
measure of the average weighted times to receipt for agiven set of cash flows.

For example, suppose we are to receive $1000 in one month plus $1000 in three
month’stime. We could say that on average we are to receive $2000 in two months.
The simple average term of this cash flow would be approximately two months.

Duration ismeasured however, not asthe simple average of the timing of payments
(asfor the cash flows above), but as a weighted average of the timing of payments
where the weights are the present values of the cash flows. Thismakesallowance
for the time value of money.

Suppose we have aseries of cash flows, accruing at timest, into the future, where
i ranges from i=1toi =n. Inother words, cash flow #1 occurs at timet,, cash
flow #2 at timet,, and so on. Let cash flow #i have present value PV , and let PV.

zln _,t. PV bethetotal present value of the set of cash flows. Durationis
defined by:

D= Zinzl ti PVi
=PV

_yr [PV
- Zizlti( PV j (16)

Version (16) makes it clear that each time to receipt t. is weighted by its share of
the total PV generated.

Inthe case of abond, PV = P, the bond’s market value, and the PV refer to the cash
flows generated by the coupons and the final return of principal.

If the PV’s are calculated on ayield to maturity basis (as we have so far assumed
in this chapter), the resulting D is called Macaulay duration. Another version,
called Fisher Weil duration, utilizes zero coupon rates to calculate the PV, (See
Chapter 3).
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Example 2.14

We will calculate Macaulay duration for a 10% coupon bond, which has
two years|eft to run and ayield to maturity of 8.0%. Assumeafacevaue
of $1m. We can use a spreadsheet to generate a table such asthe one that
follows.

Table 2.2 Calculation of Macaulay Duration for two-year bond

Time () | Cash flow Present Value PV, t * PV

05 50,000 | 50000 =  48,076.92 24,038.46
(1.04)

1.0 50,000 | 50,000
(1.04)

46,227.81 46,227.81

15 50,000 | 50,000
(1.04)°

44,449.82 66,674.73

2.0 1,050,000 | 1,050,000 = 897,544.40 | 1,795,088.80
(1.04)*

Totals PV = 1,036,298.95 | 1,932,029.80

To simplify the spreadsheet calculation, we have designated t in years so
that D is also expressed in years. (If we had calculated this using six-
month periods, the result would have been twice as large, or 3.7287113
six-month periods). We have:

D 1,932,029.80
1,036,298.95

1.864 years

Note that the duration of the bond is less than its term to maturity, which
istwo years.

In the case of abond, Equation (16) has a closed form version.

1+i  (A+i)+n(c—i)

D= i g+ -g+i (17)
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Where: i = the effective interest rate for the period
¢ = the coupon rate for the period expressed as a decimal
n = the number of compounding periods

L et’scontinue with Example 2.14 by calculating the duration, using Formula
@an.
1+.04 (1+.04)+4x(.05-.04)
D= "o04 0500 (104)"-1]+.04

26.0-22.2712887

3.7287 six month periods or 1.864 years

For abond of maturity n periods, noticethat if the coupon rateisequal to zero, the
formula collapses to simply n. Therefore, the duration of a zero coupon bond is
simply equal to its time to maturity.

Not quite as obvious is the closed form solution for the duration of an annuity.
With alittle more algebrai c manipulation we can get the duration for an annuity of
n periods as equal to:

1+i n
[ [(@+D)" -1

Duration is employed in the measurement and management of interest rate risk.

D (18)

Duration is used as a measure of the price sensitivity of an instrument (or that of
aportfolio of instruments) to changesin interest rates. This use results from the
relationship between the instrument’s duration and the percentage change in the
instrument’s price caused by a changein interest rates.

We can describe the sensitivity relationship numerically as
AP Ai
— = -Dx|—|
P (1+ i j (19)

where: A represents asmall change
P isthe price of the instrument
D isthedurationin interest periods
[ isthe (effective) period interest rate
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The left-hand side of Equation (19) is the percentage change in the price of the
instrument. The right hand side of the equation indicates that D is approximately
the coefficient of changes in the interest rate as they affect price. This equation
frequently appearsin adlightly different form as:

AP .
—=-D' XA (19
P
where: D' = D/(1+i) andisknown asmodified duration.

For Example 2.14 above we can calculate modified duration as:

37287113

1+ 0.08
2

D' =3.585 periods =1.79 years

Theinterpretation isthat a 100 basis point increasein theinterest rate (for example,
from i=10% to i=11%), will produce a capital loss of 1.79%.

Another use of duration is in the area of portfolio immunization. This approach
alows the investor to eliminate exposure to interest rate risk by matching the
duration of an investment portfolio to the required investment horizon.

To see how this works, suppose you had a commitment to pay $1 million in five
yearstime. You could buy afive-year zero coupon bond with aface value of $1
million. Now suppose five years have passed and interest rates have changed.
Would this affect your ability to meet the contract? Clearly not —your bond will
pay exactly $ 1 million now and you are OK.

But would this be true if instead of a five-year zero coupon, you had bought—
say—a ten-year coupon bond, intending to sell it after the five years? Suppose
that near the end of the fifth year, interest rates had risen. Would you then be able
to meet your $1 million contract? Thisisdoubtful, asthe price of the bond would
be lower.

Instead, you can ensure that whatever bond or portfolio you use, itsinitial duration

is set equal to the investment horizon (in this case, five years). This effectively
turns your portfolio or coupon bond (in terms of interest rate dynamics) into an
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equivalent zero coupon bond. You can make this exact by a small amount of
rebalancing astime passes, to keep the duration equal to the remaining investment
horizon. For instance, you would occasionally need to swap the current investment
for acoupon bond of dightly lower duration. But for most horizons, the rebalancing
required is small.

2.8 Interest ratefutures

Forward contracts are agreements calling for future delivery of an asset at aprice
agreed upon at the inception of the contract. A futures contract isamore tradable
form of aforward contract that is marked to market each day, with the changein
value being credited or debited to your account with abroker. To ensuretradability,
futures contracts are written on underlying assets (physicals) of standardized units,
quality and quantity. Futures contracts are traded on exchanges, while forward
contracts are not—they are OTC (“ over the counter”) instruments. In this chapter,
we limit our discussion to interest rate futures contracts.

Atleast 30 interest rate futures contracts are traded on the Chicago Board of Trade
(CBOT) and the Chicago Mercantile Exchange (CME). Summary listings of these
contracts are provided in Tables 2.4 — 2.6 in the appendix to this chapter.

Futures are used for two main purposes—hedging and taking open positions
(speculating). Some people need to reduce or eliminate price movements in the
underlying commodity. The mitigation of such natural exposures is known as
hedging. Otherstry to profit from price movementsin the underlying commaodity.
Because you need only put down between 5% and 15% margin, depending on the
contract, futures are heavily leveraged instruments favored amongst speculators.

The use of derivativesin risk management and specul ation is beyond the scope of
thisbook. However, we will look briefly at three examples of future contracts—
the T-bill, the Eurodollar and T-bond contracts—which are used for the purpose
of hedging interest rate risk.

U.S. T-Bill futures

The 13-week (three month) Treasury bill contract is based on a simple discount
security, the T-hill that was discussed in Section 1.3 of Chapter 1.
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Example 2.15

Table 2.3

Open  High Low Settle Change Discount Open Interest
Yield Change
93.69 93.69 9364 93.64 -0.09 6.36 0.09 221

Table 2.3 captures the “feel” of how 13-week T-bill futures would be
presented in the Wall Sreet Journal. The only difference is that there
would be nothing indicating that the yield is a discount yield — the WSJ
assumes that the reader knows this. The open, high, low and settlement
price are not “true’ prices, but are another way of specifying the annual
discount interest rate. A settle price of 93.64 means an annualized discount
from par of 6.36% (100%-93.64% = 6.36%). This 6.36% is an annual
rate based on 90 days and a 360-day year. Converting it to a 90-day
discount yield isdone by multiplying 90/360 by 6.36% = 1.59%.

If you buy this contract, the invoice price you are promising to pay is:

P = $1,000,000 % (1— .0636 x %) = $984,100.00

Noticethat Pisnot subscripted witha0. Thereasonisthat technically this
transaction will take place in the future at the contract expiration date,
though most are closed out prior to this date at the market price quoted at
thetime. Thelatter will belisted next to the T-bill contract inthe WSJ. For
a complete listing of contract expiration dates and other information for
contracts traded at the Chicago Mercantile Exchange, go to http://
www.cme.com/clearing/spex/X M L Reports/intrRateGroup.htm.

What happensif theinterest rate (discount) dropsby onebasispoint to
6.35%7 Thepricefor anew contract for will now be:

P = $1,000,000 % (1— .0635x %J = $984,125.00
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Notice the difference between the original contract and the new one is
$25.00, which is exactly two (half basis point) ticks for this contract (see
Table 2.4 in the appendix to this chapter).

If the interest rate rises by one basis point the price of a new contract will
be:

P = $1,000,000 % (1— .0637 x %) = $984,075.00

This time the difference in value between the two contracts is -$25.00—
once again, exactly two (half basis point) ticks. In each case, the gains
and losses will be posted to your broker account. Where current losses
eat too much into the margin you have lodged with the broker, you will be
required to front up more cash to restore the margin.

To evaluate gains or losses when trading this contract, it isn’'t actually
necessary to go through all the cal culations that we performed above. We
can measure such gains and losses for the T-bill contract simply by

The Eurodollar time deposit contract

Another three-month contract trading on the CME—one that enjoys greater
popularity and liquidity than the T-bill contract—is the Eurodollar Time Deposit
contract. It hasaprincipal value of $1,000,000 and tradesin one-tick (= one basis
point) movements worth $25.00 per basis point for al but the current month
contract, for which the contract trades in half-tick movements (= half basis point)
worth $12.50 per half-tick. Like the T-bill contract, the Eurodollar contract is
quoted using a price index, which is derived by subtracting the current interest
ratefor the contract from 100.00. For example, aninterest rate of 4.50% translates
to afuturesindex price of 95.50 (100.00- 4.50 = 95.50).

To measure gains or losses on Eurodollar futures positions, the calculation is:
e Number of ticks moved x $25.00 x number of contracts held.
For the current month contract this cal cul ation becomes:

*  Number of half-ticks moved x $12.50 x number of contracts held.
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Eurodollar positionsthat are not closed out prior to settlement date are cash settled
using afinal settlement price based upon the British Bankers Association (BBA)
rate fixing. The rate that applies is the BBA Interest Settlement Rate for three-
month U.S. dollar depositsdetermined at 11:00 a.m. London time on the contract’s
last trading day. For Eurodollar contracts held until contract closeout, the final
settlement priceis rounded to four decimal places.

Example 2.16

In late June, a corporate treasurer reviewing his company’s cash flow
projections, estimates borrowing requirements of $10,000,000 for mid-
September. The floating-rate bank |oan the treasurer has negotiated will
be priced at one percent over the three-month Eurodollar LIBOR rate at
the time of funding (with interest paid quarterly). LIBOR is currently
quoted at 5.35%, while September Eurodollar futures, which can be used
tolock in aSeptember borrowing rate, aretrading at 94.45, giving animplied
forward rate of 5.55% (calculated as 100.00- 94.45).

The corporate treasurer, concerned that rateswill rise over thetime period
prior to drawing down the loan, decides to “fix” the borrowing rate by
selling ten Eurodollar contracts. Since the September Eurodollar contract
will trade very close to the three-month Eurodollar LIBOR rate by mid-
September, the borrowing rate achieved by the treasurer will be very close
to 6.55% (the Eurodollar futuresrate of 5.55% plus the bank’s 1% spread
over LIBOR).

The hedge works in the following way:

On June 29, the corporate treasurer sells ten Eurodollar futures contracts
at 94.45 (i.e. a rate of 5.55%). Suppose that by September 15", the
Eurodollar LIBOR physical rate has risen to 5.75%. The loan rate,
including the bank’s margin, will be at 6.75%. However, if the corporate
treasurer isableto buy ten Eurodollar futures contracts at the same LIBOR
interest rate (and it will be very closeif not exactly the same), the futures
position will be closed out at 94.25 for a gain of 20 basis points (94.45-
94.25). The 20 basis pointsearned on the futures contractswill effectively
reduce the cost of the loan from 6.75% to 6.55%.
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The 30-year T-bond futures

Let us briefly turn our attention to another popular interest rate futures contract—
the 30-year Treasury bond. Because of the complexity of this contract, we will
describe only itsimportant features. If you are interested in more detail, visit the
Chicago Board of Trade (CBOT) website at: http://www.cbot.com.

Theunderlying instrument isahypothetical 20-year 6% semi-annual coupon Treasury
bond. The quote in the Wall Sreet Journal will be three digits followed by a
hyphen and two more digits. For example, if you see 101-26 it means that the
contract istrading at 101 and 26/32’s of the $100,000 par value. This contract is
not a cash-settled contract. If you hold the instrument until maturity you must
deliver (if you shorted the contract) or buy (if you are long the contract) one T-
bond for every contract.

If you are the one who is delivering the bond, what happensif you can’t find a 20-
year T-bond with a6% semi-annual coupon? Fortunately, you can deliver aT-bond
that has aminimum of 15 years before the Treasury can call it. Suppose you have
found a 5% 20-year bond, which the CBOT has deemed acceptable for satisfying
the contract. But the value of thisbond islessthan the value of the underlying bond
of the futures contract. Receiving thiswould be unfair to the other party. On the
other hand, if al you can find isa 7% 20-year bond that is more valuable now, this
would beunfair toyou. If theseissueswent unresolved therewould belittle demand
for these contracts.

Toresolvetheseissues, the CBOT uses conversion factors. The conversion factor
(CF) is calculated:

N cashflow,

CF= 2—1/100,000

=1 1.03
Conversion factors are updated and published by the board of trade in Excel and
downloadable by going to http://www.cbot.com/cbot/docs/22879.xls.  These
factors are constant throughout the trading period of the contract. The invoice
price paid by the buyer of the Treasury bonds delivered to the seller is calculated
by the following equation:

Invoice price = contract size x futures contract x settlement price conversion factor
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There is much more to be said about the 30-year T-Bond futures contract and
futures contracts in general. The Chicago Board of Trade and the Chicago
Mercantile have excellent websites with suggested reading for those who wish to
explore this areain more detail.

Example 2.17

Suppose that the contract settles at 97-00, which is 97% of par. The
conversion factor for the bond being delivered is 1.05 (just downloaded
fromthe CBOT website). Thus, theinvoice priceof thebond to be delivered
is

$100,000 x .97 x 1.05=$101,850
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Table2.4 Interest Rate Futures

Exchange: Mercantile

Underlying Instrument

Ticker
Symbol

Contract Size

Tick Size

Delivery

Eurodollar

ED

Eurodollar Time Deposit
having a principa value of
$1,000,000 with athree-month
maturity

1 point = .01 = $25.00
per contract

Cash

13 Week T-Bill

B

3-month (13-week) U.S.
Treasury Bills having aface
value at maturity of $1,000,000

Y2 point = .005 = $12.50

Cash

LIBOR FUTURES

EM

Eurodollar Time Deposit
having a principa value of
$3,000,000 with aone-month
maturity

Y2 point = .005 = $12.50

Cash

FED FUNDS TURN FUTURES

TZ

$45,000,000 overnight Fed
Funds deposit

1 point = .01 = $12.50

Cash

10 YR AGENCY FUTURES

FO

$100,000 face value of the 10
year Fannie Mae Benchmark
Notes or Freddie Mac
Reference Notes

1 point = .01 = $15.625

Cash

5 YRAGENCY FUTURES

F5

$100,000 face value of the 5
year Fannie Mae Benchmark
Notes or Freddie Mac
Reference Notes

1 point = .01 = $15.625

Cash

ARGENTINE 2X FRB BRADY
BOND FUTURES

AT

$100,000 Current origina face
value.

1 point = 0.01 = $10.00

Cash

ARGENTINE PAR BOND FUTURES AX

$100,000 Current original face
value.

1 point = 0.01 = $10.00

Cash

BRAZILIAN 2X C BRADY BOND

FUTURES

BF

$100,000 Current origina face
value.

1 point = 0.01 = $10.00

Cash

BRAZILIAN 2X EI BRADY BOND

FUTURES

BE

$100,000 Current origina face
value.

1 point = 0.01 = $10.00

Cash

MEXICAN 2X BRADY BOND
FUTURES

MN

$250,000 of the original face
value of the Mexican Par Brady
Bond with warrants

1 point = .01 = $25.00

Cash

EURO YEN FUTURES

EY

Euro yen Time deposit having a
principal value of 100,000,000
Japanese yen with a three-
month maturity

Y point = .005 = 1,250
Yen

Cash

JGB FUTURES

B

10,000,000 Yen

1 point =.01 = 1,000
Yen

Cash

EURO YEN LIBOR FUTURES

EL

Euro yen Time deposit having a
principa value of 100,000,000
Japanese yen with a three-
month maturity

¥ Point = .005 = 1,250
Yen

Cash

MEXICAN TIIE FUTURES

TE

Mexican interbank loans of 28-
day maturity having a principal
value of 6,000,000 Mexican
pesos.

1 point =.01 = 50.00
Mexican pesos

Cash

MEXICAN CETES FUTURES

TS

Mexican Treasury Bills of 91-
day maturity having a principal
value of 2,000,000 Mexican
pesos.

1 point =.01 = 50.00
Mexican Pesos

Cash

Contracts on the Mercantile Exchange are settled in cash, unlike larger contracts

on the Chicago Board of Trade.
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Table2.5

Interest Rate Futures
Exchange: Chicago Board of Trade

Underlying Instrument Ticker Contract Size Tick Size Delivery
Symbol
N Current Mortgage Price MF $1,000 times 1/32 of onept. Or ClassA
Index Index for a par of $7.8125 Mortgage
$100,000 rounded to nearest backed
X cent securities
© Long Term Municipal MB $1,000 times 1/32 of onept. or Cash on last
% Bond Index Futures The Bond $31.25/contract trading day of
o Buyer™ 40 Index the month
Q. 5 Yr US Treasury Notes Fv One US Treasury 1/32 of one pt. or 5Yrus
< Note with a par of $31.25/contract Treasury Note
$100,000
5 Yr Agency Notes DF One Fannie Mae % of 1/32 of one One Fannie
Benchmark Note pt. or $15.625/ Mae
or Reference Note Contract Benchmark
with apar of Note or
$100,000 Reference Note
30 Yr US Treasury Bonds us US Treasury 1/32 of one pt. or US Treasury
Bond with a par $31.25/contract or Bond with a
of $100,000 or multiple par of $100,000
multiple or multiple
30 Day Federd Funds FF $5m $20.835 per ¥z of Cash settled
one basis point against the
rounded to nearest average daily
cent fed funds rate
for the delivery
month
2 Yr Treasury Notes TU US Treasury 1/4 of /32 of one US Treasury
Notes with a par pt. or $15.625/ Noteswith a
value of $200,000 Contract par value of
or multiple $200,000 or
multiple
10 Yr Treasury Notes TY US Treasury Note | %2 0f 1/32 of one US Treasury
with apar of pt. or $15.625/ Note with a par
$100,000 or Contract of $100,000 or
multiple multiple
10 Yr Agency Notes DN One Fannie Mae Y2 of 1/32 of one One Fannie
Benchmark Note pt. or $15.625/ Mae
or Reference Note Contract Benchmark
with apar of Note or
$100,000 Reference Note
with a par of
$100,000

now part of CBOT.
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Table 2.6

Interest Rate Futures

Exchange: Chicago Board of Trade - Mid Am

pt. or $15.625/
Contract

Underlying Instrument Ticker Contract Size Tick Size Delivery
Symbol
US Treasury Bonds XB $50,000 par value | 1/32 of onept. Or Cash
$15.62 per
contract

US Treasury Bills XT $500,000 par value | 1/2 basis point or Cash
$6.25/contract

Eurodollars uD $500,000 1 basis point or Cash
$12.50/contract

5Yr Treasury Notes XV $50,000 par value | 1/32 of one pt. or Cash
$7.81/contract

10 Yr Treasury Notes XN $50,000 par value 15 of 1/32 of one Cash
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1. An estate pays an annulity certain (cash payable whether or not the annuitant
survives) of $50,000 per annum for five years. Assume the payments are
made at the end of the period. From the sixth year until the tenth year, this
annual payment will double. Determinethe present value of the estate assuming
8% per annum compound.

2. Find the present value of $500 payable monthly for six months. Thefirst of
the six payments occurs five monthsfrom now. The compound interest rateis
1.1% per month.

3. Findtheeffectiverate p.a. if the nominal rate per annum compounded quarterly
is 12%.

4. 12% p.a. nominal compounded monthly is equivalent to what nominal rate
p.a. compounded quarterly?

5. 8% p.a. nominal compounded half-yearly is equivaent to what nominal rate
p.a. compounded monthly?

6. Consider abond with maturity date March 1, 2009, coupon 7% p.a. (paid
semi-annually). The market yieldincreasesfrom 7% to 8% on March 1, 2001.
On aface value of $1m., what is the percentage changein price? Isthis
instrument as sensitive asazero coupon bond of identical final maturity priced
on the same day as the rate moves from 7% to 8%7?

7. Pricethe coupon bond of Question 6 onthe March 2, 2001 at 8% market yield.
Why isthere a price difference? (This problem is more difficult asthereisa
partial coupon period).

8. Priceaseven-year zero coupon bond with face value $1m at amarket yield of
8% p.a. Assume semi-annua compounding. Pricethe samebond at amarket
yield of 7% p.a. and compareits sensitivity with that of the bonds of Question
6.

9. Calculate Macaulay duration for the bonds in Question 8, first at a yield of
7%, then at 8%.

10. Pricea 180 day T-bill with face value $1m when the bank discount rateis 7%.
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n.

12.

13.

Price a180-day CD at amarket yield of 7%. Why isthe price different from
that of the T-Bill in problem 107?

Supposethat thetable below lists prices of two Eurodollar time deposit contracts
quoted on the Chicago Mercantile Exchange on June 12, 2001.

Futures Contract BID OFFER
SEP0O1 ED 94.25 94.26
DECO01 ED 94.16 94.17

The dateis June 12, 2001. A corporate treasurer wishesto increase working
capital $40 million by drawing down a bank loan based on six-month LIBOR
on September 14, 2001. What financial risk does the corporate treasury face
now, and how can thisrisk be hedged using Eurodollar futures? Describe the
hedge stating how many of which contract(s), the transaction involved (buy or
sell) and the likely dealing price.

OnJune 12, 2001 acorporatetreasurer managing aliability portfolio consisting
of 22 million of ten-year fixed rate debt is considering interest rate forecasts
in the ten-year area of the yield curve.

Towhat risk isthe portfolio exposed, and why? How could the treasurer cover
against this exposure using future contracts? Select the most appropriate
contract from Table 2.3. Then describe the hedge stating which contract,
approximately how many to use, and the transaction involved (buy or sell).
Would such a hedge remove all interest rate risk for the debt portfolio?
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Zeros, Forwards, and The Term Structure

Until now, the notion of time and the way it is embedded into interest rates have
been treated in asimplistic fashion. You may have noticed that although we were
dealing with the valuation of cash flows of perhaps quite long maturity structures,
the near-term parts of those cash flows were valued in the same way as the long-
term parts, using the same interest rate as a discount factor. You might have
wondered whether thisisagood assumption to make, and you’ d beright to wonder.
Although it will suffice for an initial approach — and a good deal of practical
valuation is done this way— it is not theoretically the best way to proceed. So we
must take acloser look at thisissue. Evenif you never end up using thetoolsof this
chapter, reading through it will reinforce your understanding of the concept of interest
rates.

Thisservestointroducethetopicsof thischapter: zero couponrates, implied forward
rates, and the way that they re-assemble into the term structure of interest rates.
The term structure is al about the dependence of the interest rate structure on
forward, or maturity, time. Thenotion of timeitself getsabit tricky, sowemight do
well to start with some clarifying remarks on what we mean by timein this context.

73




Financial Modeling for Managers

Part I. Interest Rates and Foreign Exchange

3. 1 Notation and definitions

Arbitrage

Long

Short

Hedge

Unit-discount bond

Zero coupon bond

Zero coupon rate

Term structure
of interest rates

Yield curve

Spot rate

A zero-risk, costless investment strategy that generates a
profit. A no-arbitrage pricing or equilibriumiswhereno such
opportunitiesexist.

A position that benefits from a price rise and loses from a
pricefall. Inportfolioterms, apositive holding.

A position that benefits from a price fall and loses from a
pricerise. Inportfolio terms, anegative holding.

An instrument or position taken to reduce the exposure of
the portfolio to adverse changesin value. A perfect hedge
reduces the exposure to zero, but typically also results in
zero upside potential .

A hypothetical zero coupon bond with a notional $1 face
value.

Debt instrument that has no coupons, but merely a promise
to pay thefacevalue at maturity. Thereward element derives
from the discount at which it sells, relative to itsface value.

The yield to maturity of a zero coupon bond; varies with
maturity time.

The yield to maturity or IRR on a zero coupon bond of
maturity T.

The implied forward rate is the implied one period interest

rate for future period t priced into an instrument such as a
bond or swap by the market at current time.

A graph of zero couponrates, yields, or implied forward rates
against maturity time.
The term structure curve applied to yields.

Theinterest ratefor the one period immediately ahead, known
as of the current date.
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Bootstrapping A sequential methodology using actual bond prices and
coupons to derive the zero coupon term structure.

3.2 Abrief mystery of time

Suppose you are at time O (t = 0), the present time, and are looking at T-bill rates.
You are concerned about them, because you know that your very expensive
adjustable-rate mortgageispartially tied tothem.* 'You might form an impression
of what the T- bill rate will be for every six-month period throughout the next ten
years, as though you had a mental image of the rate at six-month intervals from
now (t = 0) until t = 20. For convenience, we have adopted the basic timeinterval
of six months.

The notion of time for this mortgage planning scenario is both acurrent aswell as
a forward concept. The expression forward time (and forward rate in the next
paragraph) is adopted to distinguish it from the current time (and the current rate,
which will be known asthe spot rate). Thus, forward time (i.e. t >0) must always
have the current time as a base. Here, forward time is the 20 six-month periods
following current time, t = 0. Current timeisin real time, while forward time
refers to the future. Real time refers to the actual passage of time.

Supposethat at real timet =0, the T-bill rate over the coming six-month periodisi,
(the periodic rate used in Chapters 1 and 2). You could al so form an estimate of the
next six-month T-bill rate, which isknown asthe forward interest ratef,. It hasto
be aforward rate, because you won't know the true six-month T-bill rate at time
1 until six months has passed.

Figure3.1illustratesthis concept. Theeyerepresentsyou looking forward into the
future. At any point in actual or real time (denoted t), you will know what the
current one period rate is, because thisis set by the market now to apply over the
coming unit period (herewe usesix months). Atreal timet=0youknowi_, at real
timet=1youknow i,, and so forth.

Butattimet =0, you don’t know what i, will be. Only when real time has moved
forwardtot= 1 will you know, so inthe meantime, you haveto form an estimate of
I,. Thisisdenoted asf,. Now imagine you are six months older and can see what
the actual six-monthsrateisinred timet=1. The new spot rate (i,) will almost
certainly differ from your guessat t = 0 about the forward rate, f,. In other words,
generally speaking, i,# f,.
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In the following discussion, we shall call thei rates the spot rates. They are the
actual one-period rates observed in real time. Hence, i, means the actual one-
period rate that applies for period t, measured at theinstant in real timet - 1. By
period t, we mean the time period which beginsat theinstant inreal time, t-1, and
runsto real time, t. Period 1, therefore, runs from the instant real timet = O to the
instant real timet = 1.

We shall also assume general units of time, which may correspond to ayear, asix-
month period, or whatever time unit applies. By usingt asthetime unit, we assume
that thisisthe basic discounting or rest period, so that interest rates are measured
using the same unit of time. For example, if theannual rateis4 % for six-month T-
bills, and if t refersto six-month intervals, then the spot interest rate is 2%.

\ i\ =, / /. / /.
4_ t=0

Forward rates at real tim-e 1

Period 1 1

1
1
1
1 1
- - 1 . 1
L 7./{» : fl 1 fz 1
4 t=1 1 1 1
SN
: Forward rates at real time 2 e
Period 2 ro ! !
A
t=2
\ Forward rates at real time 3 ——
Real time

Figure 3.1 Real versus forward time

3.3 Zerocouponrates

A current one-period unit discount bond would be an instrument that pays back $1
at futuretime 1 (t = 1). Itisthe simplest example of a zero coupon bond, one for
which theface valueisjust onedollar. Supposethat the market pricesthisbond at
P,. Itsyield, R,, isthen given by:

1 Lendersbase ARM rateson avariety of indexes. Among the most common aretherateson one-, three-, or five-year Treasury
securities. Another common index is the national or regional average cost of funds to savings and |oan associations. A few
lenders use their own cost of funds, over which — unlike other indexes —they have some control. As aborrower, you should
find out which index will be used, how often it changes, how it has behaved in the past, and where it is published.
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P —Y | thusR = +-1
1+ Ry P

Notethat the subscript 1 indicatesthat thisisaone-periodinstrument, as seen from
real timet=0. The one-period zero coupon rate isaso the IRR —the interest rate
that equates the price to present value of the $1 terminal cash flow. Sincethisisa
one-period instrument, the IRR is aso aone-period rate.

Suppose that at t = 0, we have available a two-period pure discount bond.
Technically, thisis now a zero coupon instrument because there is no coupon paid
attime 1. Itsprice and yield have an inverse relationship, following Equation (8)
from Chapter 1, so that:

.5
2 = 1 ; thus R, = L -1.
(1+ Ry)? P,

Will R, be the same as the one-period rate R,? Not necessarily. After all, with the
two-period instrument we aretying our money up for two periods—we might expect
some extra compensation since thisreduces our liquidity.

We can continue this exampl e for three time periods, four time periods, and so on,
solving for thevariousyields. Ingeneral:

_ 1 _HLA _
Pt_(1+Rt)t ; thus R—Eﬁg 1 (1)

All the interest rates we have derived — the zero coupon rates — are computed at t
= 0. Consequently, everything is seen from the same point in real time — the
present. The plot between R (zero coupon rates) and t, with t on the horizontal
axis (maturity), is called the zero coupon rate term structure of interest rates.
Note that by convention, al rates are annualized in the graph.

Figure 3.2 illustrates a zero coupon rate term structure. This particular version has
the rate increasing with maturity; it is upwardly sloping. An upward sloping term
structureisknown asanormal yield curve. M ost theories on term structure suggest
an upward slope, and thisis often what we seeinthe “real” world. The opposite—
a downward sloping curve—where the shorter rates are higher than the longer
rates, isknown asan inverted yield curve. Thiswould not be considered anormal
state of affairs; it is characteristic of periods of tight monetary control. Humped
curves a so surface from time to time, and some evidence suggests they presage a
recession.
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Figure 3.2: Zero coupon term structure

If we knew the zero coupon rate structure—in other words, the entire sequence
(Ry R, R,...R;)—we could use this data to value any set of cash flows into the
future. Anobviousexampleisacoupon bond of maturity T periodsand facevalue
FV. Itszero coupon based valuation would be:

C C (C+FV)
+. 47

Pr s TrR (R (R 2)

If market participants eval uate coupon bonds thisway, what does thisindicate? It
suggests simply that each coupon can be viewed as the payoff of a zero coupon
bond. For instance, the second term on the right hand side of Equation (2) isthe
valuation of a zero coupon bond of face value C, received at the end of period 2.
Thisanaogy istruefor all of the cash flows, including thelast (T-period) payment,
which is (C + FV). Daing this effectively strips the coupons from a standard
coupon-bearing instrument, creating a series of zero coupon bonds. The US
government does not issue zero coupon bonds. However, investment companies
noticed in the early 80’s that there was large potential demand for “stripped”
treasuries. In 1982, Merrill Lynch and Salomon Bros. created the first widely
traded synthetic treasury zeros. These securities are still popular.

Would the price in Equation (2) be the same as the evaluation based on yields as
per Equation (9) in Chapter 2? Theoretically, yes. Theyield (i) used in Chapter 2
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turnsout to be aweighted average of the T zero-couponyields. If the bond market
is characterized by many actively traded bonds of differing maturities so that a
sufficient

set of zero coupon rates can be backed out, then the two equations should generate
thesameresult. Inwell-devel oped bond markets (likethoseinthe US), arbitrageurs
stand ready to buy and sell different baskets of bills, notes and bondslooking for an
arbitrage profit. This activity quickly erases any pricing differences in the two
equations. However, in smaller bond markets around the world we see incomplete
bond maturity setsand/or trading liquidity problems, which may impedethearbitrage
process.

3.4 Implied forward rates

Recall that R, refers to the equivalent one-period interest rate which would apply
over the entire maturity of a particular zero coupon bond. For example, R, refers
to an average one-period rate applied over two periods. Can we bresk R, down
into constituent parts, one for each of the two periods that make up the two-period
discount calculation? The answer isyes, as we shall see.

Reconsidering Figure 3.1, imaginewe are at timet =0 and wish toinvest $1 for just
one period. You can see that the one-period zero coupon rate R, and the spot rate
(i, or f)) are the same. Your dollar would accumulate to:

1+ R = 1+f
dollars at the end of period 1.
However, imagine that at t = 0 you had wanted to commit your funds for two

periods. There are now two ways of writing the resulting accumulated value, and
both must be equal:

(1+R)?=(1+fo) x (1+f,)

The left hand side of this equation says that because you are tying up your money
for two periods, you must earn thetwo-period yield R,. Theright hand side suggests
that this can also be regarded as two one-period investments, one after the other.
Youinvest at ratef (=1i,) over thefirst period. Then you invest the proceeds (1 +
f,) over the second period at rate f, to get (1+ fo) x (1 + f1).

Sincef, = R,, we can back out what the f, must be by solving the above equation
to get:
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(1+R)° _
LS aeR) @

The whole process can be extended to time periods further into the future, to
recover al the implied forward rates in terms of the zero coupon rates.

In generdl, if we have the zero coupon rates for timet + 1 and for time t, we can
calculate the forward rate t periods from now. The implied forward rate, f,, for
maturity tinthefutureisgivenimplicitly by:

(L+Ru)™ =1 +R)'x (1+f)

or explicitly by:

R |
T @Ry )

Hence, if you have a series of zero couponrates (R, R, R,. . .), you can always
back out a corresponding seriesf, f, f, of implied forward rates.

Thereisan approximate averaging rel ationship between the zero coupon rates and
theimplied forwards:

Ro= Dx(for furr fy) @

Thewavy equal sign means* approximately equal to.” The approximation becomes
exact as the compounding interval gets smaller and smaller. At any rate, you can
think of the R’s as the average of the f's. An exact (rather than approximate)
relationship saysthat (1+R)'= (1 +f ) (1 +f)...(1 +f ). If youare mathematically
inclined, youwill know this meansthat thet-period zero coupon accumul ation factor
isthe geometric average of the one-period accumulation factors1 +f, 1+f, ...(1
+1,).

The term structure can also be portrayed in terms of the f's, that is, by plotting f
against forward timet. Thisis called a forward rate term structure.  In many
ways, it is better than the term structure based on the zeros, as it gives you the
market’s estimates of the future spot ratesat the particular timeinterval. Inbusiness,
many think that marginal rates are always more useful than average rates, whether
you are looking at interest rates or tax rates.
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Figure 3.3. Implied forward versus zero coupon term structure

Figure 3.3 plots aforward rate term structure and the corresponding zero coupon
term structure (the curve with a hump) on the same diagram. The averaging
relationship referred to earlier means that the graph for R tendsto follow that for f.
Thisiswhy the peak in R occurs after the peak in f.

3.5 Forwards, futuresand no-arbitrage

Areforward rates and forward pricesrelated? Thefollowing discussion will show
usthat they are. But before discussing this relationship, we need to review some
of the concepts from Chapter 2.

Recall that forward contracts are an agreement calling for future delivery of an
asset at a price agreed upon at the inception of the contract. A futures contract is
aforward contract that is exchange traded and marked to market, i.e. valued every
day. To assist tradability, the futures contract is standardized for units, quality and
quantity. Asthefollowing examplewill show, forward ratesbear somerelationship
to forward or futures prices on these instruments.

Recall aso the definition of hedging—investing in an asset to reduce risk. The

concept of aperfect hedgeisintegral to the discussion that follows. If you arelong
an asset, the hedge would be to short a futures (forward) contract. If you were
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short the asset, the hedge would be to go long on a futures (forward) contract on
the asset. If ahedgeis perfect, you reduce the price risk of the portfolio to zero.

For the purposes of this example we will discuss contracts on unit discount bonds
and ignore the trading complexities of the variousinterest rate contracts discussed

in Chapter 2. By doing this, weignore the peculiarities of each of these contracts
while pointing out the relationship between forward (futures) prices and forward
rates.

Imagine asimple two-period scenario. Period one spans the interval betweent =
O and t =1, while period two spanstheinterval fromt=1tot=2. Let'ssuppose
that today (t = 0) you enter into acontract to deliver aone-period unit discount bond
one period from now (that is, t = 1) for an agreed upon price, F. In other words,
after the passage of one period of time, you will deliver to the other personin the
contract a one-period unit bond, and the other person will give you F in exchange.
The next topic of our discussion isthe no-arbitrage price F, which isthe priceto
be quoted in the market now so that nobody can make money for certain when
seen as of time O, the current time.

First, some notation:
F = price of aone period bond agreed att =0 for delivery att=1
P, = price of aone period unit discount bond at t = 0
F~>1 = price of aone-period unit discount bondatt =1
P, = price of atwo-period unit discount bondatt =0

Note the distinction between P, and IS1 . Thefirst refersto the price of the one-
period bond at the current time (t = 0). The second refers to the price of the one-
period bond at t= 1. Thetildesymbol over thePin P, indicatesthat itisarandom
variable (one whose outcome isyet unknown). Indeed, P, isunknown attimet =
0.

Now back to the problem of determining F._ You have sold a one-period bond
forward, so now you have an exposure to P, , the price of the one-period bond
you will haveto useto deliver on your forward commitment. One characteristic of
arbitrage is that your position be risk-free, so that at inception, you have to cover
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the above end-of-period exposure to IS1 . Another characteristic is that true
professional arbitrage plays should cost no money of your own. So how do we
manufacture this?

First, we have to cover the exposure described above. To do so, go long (that is,
buy) atwo-period discount bond now. At theend of the period, it will have become

aone-period discount bond. Being long in thisbond will cancel exposureto 51 .

Of course, going long will cost money, as we have to purchase the two-period
bond. To fund this purchase, we will borrow against the cash flow of $F to be
received at timet = 1. This one-period borrowing is done viathe issue of F one-
period unit bonds at price P, . (Note that P, isthe known price at t = 0 of aone-
period bond). Thus, weborrow $(F x P, ) whichisnoted asacashinflow (+) while
the purchase of the two-period unit bond is noted as a cash outflow (-). Let'sdraw
atimelineto illustrate these transactions.

B,
+F
+F x P1 -F
-P, +51
period 1 period 2
0 1 2

The following table lists the contents of this timeline and shows the detail of the
cashflowsatt=0andat t = 1.

Cash Flow in $
Transactions at time 0 t=0 =1
Buy 2 period unit bond -P, +P ;
Sell F 1 period unit bonds +F x P, -F
Enter into Forward Contract 0 —ﬁl
Receive Fatr=1 0 +F
Total +F x P - P, 0
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Because of the way this example is constructed, the actions in the present (t = 0)
result in anet zero cash flow in the future (t = 1). What should a portfolio that is
worth $0 in the future be worth today? The answer must be zero. We can take
thisresult and set the total cash flow at t = 0to $0, or Fx P-P=0. Rearranging the
terms, we get:

P priceof two period bond
P~ priceof one period bond )

F=

We know from Equation (1) that:

1
P, = (1+—R1),and
1
2T @R
0,
kR _1*R
P T@+R)*"

Equation (3) allows us to back out the one-period forward rate one period from
now. This, along with the equation above, tell usthat the forward or futures price,
F,isequal to:

1
F=1+1, ©)

Thisiswhy f, is called the implied forward rate. It represents a market certainty
equivalent discount rate formed at t = 0, to enable it to price now a one-period
discount bond for delivery at instant t =1, whichisfuturetime. Moregeneraly, the
forward rates f, f, f,, etc., represent a pricing device by which the forward
component of any current price can be calculated.

Returning to the example above, let’s insert some actual numbers.
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R, =25%  P=$9756098
R,=30%  P=$9425959
F= 9661608

The two cash transactions at t = 0 are to buy a two-period discount bond now at
$.9425959, and i ssue F one-period unit bondsat $.9756098. Thus, we have borrowed
$(F x $.9756098) and thisis noted as acash inflow (+), while the purchase of the
two-period unit bond is noted as a cash outflow (-). The value of F we have
calculated as 0.9661608, while that of F~>l is still unknown, so we simply use a
symbol. We will redraw the timeline to incorporate these cash flows.

_51
B,
+F x $.9756098 -$.9661608
-$.9425959 +$.9661608
period 1 period 2
0 1 2
Cash Flow in $
Transactions at time 0 t=0 t=1
Buy 2 period unit bond -$.9425959 +P,
Sell F 1 period unit bond +F x -$.9756098 -F
Enter into Forward Contract 0 -P .
Receive Fat =1 0 +F
Total +F x $.9756098 - $.9425959 0

Theno arbitrage conditiontellsusthat Fx $.9756098 -$.9425959 = 0. Rearranging
terms we see that:
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P, $.9425959

_2
F= P~ $.9756008

= .9661608

Using Equation (6) and F = .9661608, we find that f, is 3.50244%. Of course, our
current purposeisillustrative, and we do not need to go through all these calculations
inorder to obtain theimplied forward rates! To find therates, ssmply use Equation
(3) or (3r) above.

3.6 Computing zer osand forwards

The correct way to compute the zero ratesisfrom an actual series of zerosor from
bonds that have been stripped and repackaged as zeros. To estimate the entire

yield curve and forward rates we would need an entire series of such bonds. What
if there are not enough zeros or strips? Thisisnot aproblem if you have priceson
aset of coupon bonds that span the maturity horizon for the yield curve (asin the
US—there are over 150 government bonds listed in the Wall Street Journal with
maturities ranging from one day to 30 years). At any rate, suppose you have three
coupon bonds with coupons C,, C,, C, and maturities one, two and three periods.
The market quotes them at prices P,, P,, P, respectively. In terms of the zeros,
the bond prices can be decomposed and written (with subscripts denoting the bond):

_ C+FV |
R = —
1+ R
P, = C, , G+FRV ’
1+ (1+R))?
- c, , ¢ , CitFV

1+R (1+R,)° (1+R)’

Notice how thebondsarevalued. Asobserved in Section 3.3, we are decomposing
them into their constituent cash flows. A coupon received at timethreeisitself just
like a zero coupon bond of face value C, maturing at time three.

Once the market quotes the three prices, you can solve for the three zero coupon
rates implied by those prices. Just solve the three simultaneous equations above.
Of course, onceyou havethe zeros, getting theimplied forwardsis straightforward.

Instead of using prices, market yields are often used to back out zeros. We have
used yields—or internal rates of return —very extensively in Chapter 2. Up tothis
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point, however, we have not mentioned the relationship between these yields and
the zeros or implied forwards, so we need adigression on this.

Yields, zeros and swaps

You can also do aterm structure based on yields. Suppose you had three
coupon bonds, as above, being quoted at market prices P, P,, and P,. You know
the yields on these bondswill all be different. We will use the symbol p for the
yield, asit isoften used for the internal rate of return, and theyield isjust an
IRR. Sothethreeyieldsp,, p,, p, are defined implicitly by the equations (the

subscripts denote the particular bond):

p oo CrRV
1+p,

P, = C + C2+FV2 :
1+p, (1+py)

P, = C, + C, _— C3+F\£
1+p, (1+p,) (1+p,)

In other words, once you know the prices, you can recover the three yields to
maturity, namely P, P, and p . for the different maturities. You can also plot
these yields against time, which would give you a yield-based term structure—
yet another version of the term structure.

We have seen that one can switch readily between zeros and implied forwards —
they are smply different aspects of the same thing. Can you aso do the same as
between yields and zeros? The answer is“yesand no.” It depends upon whether
your coupon bonds, asin the example above, aretrading at par. Youwill recall that
abond trades at par if the current price, P, is equa to the face value, FV. It turns
out that if the bonds are not trading at par, then there is no simple relationship
between the yields and the zeros.

Indeed, theyield to maturity depends on the coupon to face val ue ratio(the coupon
yield), so the maturity alone is not sufficient information to determine the yield.
The yield depends on various characteristics of the particular bond. This makes
mattersabit inconvenient. If you havetwo three-year bondswith different coupons,
they will have quite different zero coupon-based prices, and possibly different yields
aswell. Thereisno simplerelationship, independent of the coupon, betweenyields
and zeros. In fact, if you do price different three-year bonds using the same the
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three-year yield computed off just one of them, you could face arbitrage by someone
who has cd culated the price correctly using zeros. Recall that zerosareindependent
of coupons, face values, etc., and are the same for every bond. In this sense, the
zeros—not the yields to maturity—would be the correct way to price the bond.

If you calculated the yield to maturity on abond that happened to be trading at par,
you could in fact recover the zeros. One example wheretrading at par for afixed
interest instrument always occurs is with an interest rate swap, just placed on the
books. An interest rate swap is an agreement between two parties, whereby each
contracts to make interest payments to the other on specific dates in the future.

The standard interest rate swap involves an exchange of fixed rate payments,
which we will refer to as coupons, determined at the inception of the swap, for a
set of floating rate payments determined on specified rate setting dates. Both fixed
and floating payments are calculated on a notional principal amount that never
changes hands. These floating rate payments are typically based on the six-month
LIBOR rate (the rate for six-month interbank dollar deposits set in London) on
each rate set date. Infact, swapscan comein al sorts of flavors, but thisisabasic
or“plainvanilla’ swap.

A swap has a zero value when placed on the books. It represents afree exchange
of one sort of payment for another. The fixed side (at inception) is valued as
though it were a coupon bond selling at par. The floating side represents market
indifference between such a coupon bond and the series of future floating rate
payments. So here it is: the yield on the fixed side of the swap at its inception
can be taken as a par yield.

Swapsare quoted in standard maturities of one, two, three, four, five, seven and ten
years, within-between maturitiesusualy cd culated by applying alinear interpolation.
For example, asix-year swap would typically be quoted with afixed rate half way
between the five- and seven-year par yields. Using the yield to maturity of the
many different swap maturities, you can cal culate backwardsto find the zero coupon
rates. In the next section, we giveyou an algorithm, suitablefor usein aspreadshest,
todojust this.
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3.7 Algorithm: computing zer osand forwar dsfrom swap data

“Plainvanilla’ (or standard) swapsare quoted on the basi s of aconstantly changing
coupon and equivalent yield, so they are traded at par when transacted. They are,
however, an over-the-counter product, and even swaps quoted on the same day
and same maturity are not usually homogeneous. As market prices of bonds, futures,
and so on move from one minuteto the next, so doesthe swap rate (which represents
both the coupon and theyield). Aswe've discussed, you cannot expect that a set
of cash flowswith the same maturity but different coupons can be correctly priced
at thesameyield. Sometimesthiswill turn out to be the case, but more often it will
not. Hence, it is impossible to value one-day-old (even one-minute-old) swaps
using yieldsto maturity.

Swaps are always valued by applying the current swap zero-coupon curve. Atthe
outset, the zero-coupon valuation gives the same answer as avaluation using the
yield, but not after time ticks onward and swap rates move. At any given pointin
time, new swaps are quoted on ayield basis, often as a spread over a government
bond yield curve, and the current swap zero curve can be obtained from the swap
“yields’ by thefollowing iterative process.

Backing out the swap zeros

Suppose that we find that the US swap market is currently quoting the following
swap rates, displayed in Table 3.1, on apercentage per annum basis. We have just
listed mid-rates out to three years to simplify matters. (The full range can go out
ten years or more for top credit counterparties.) The following algorithm also
abstracts from the complexities of day-count conventions by using a semi-annual
coupon, equal to half the annual coupon rate times the notional principal (bond
basis). The semi-annual yields are just the current par swap rates divided by two.

In the US market, swaps are frequently quoted with an annual Actual/360 coupon,
with thefloating leg based on six month LIBOR, paid semi-annually. Our simplified
exampleillustrates the methodology for cal cul ating the zero-rates without getting
bogged down in day-count issues. It can readily be adjusted to handle any of the
various day-count conventions used in the different swap markets.
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Table 3.1 Par swap rates

Maturity Period Par Swap Rate
(years) (t) (% p.a.)
0.5 1.0 9.53 (LIBORrate)
1 2.0 9.08
1.5 3.0 8.84
2 4.0 8.6
25 5.0 8.5
3 6.0 8.4

Step 1 Thefirst point onthe zero curveistheeasiest. Itissimply the six-month
bank bill ratewhichisitself azero couponrate. Thefirst discount factor
d, is therefore:

1

1+ 9.53

200

d, = 0.95451725.

Step 2 If we take the fixed side of a current one-year semi-annua swap with
face value of 100, and use the discount factor d, to value its first cash
flow, we can solve for the second zero rate. It must be the rate which
values the second cash flow at an amount that will bring the total value
of the fixed cash flows (including the final flow of principal) back to
par—i.e., equal to 100.

Thatis: 100 C1 + C,+100 _
9.53 g
1+ —— B_+ &
200 0 2000

Here C, is the “coupon’ for a current one-year swap, which per hundred face
value on aswap paying on asemi-annual basisis:
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q=%3=4.54

We can plug the value for C, into (8) asfollows:
454 N 4.54+100

9.53 :
1+ R
200 g” 200@2

100 =

and then rearrange to get:

i i

1 - Moo - 4.&;45 g 1
s Re @ 1+ 2 @ 104.54

Calculating the right side of the equation, we obtain:

5. d

d, = 01 0 - oos11854 |

Re [0
@H ZOOH

Thisisour second discount factor.

Thediscount factor isvery useful asit stands for discounting one-year cash flows,
but we will take the next step and solve for R, as well:

R = 571 05-1B<200 = 9.069808 .
091511854 0O
Step 3 Asthel.5year swaprateis 8.84% p.a., the semi-annual coupon will be:
Cs = %‘ = 442
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We proceed now in a similar manner to that of Step 2 to find the third discount
factor d,, and then the third zero rate, R,.

Summarizingin Table 3.2, our zero curve at thispoint:

Table 3.2 Swap Zero curve, Step 3

Period Par rate Zero rate Discount factor
1.0 9.53 9.53 95451725
2.0 9.08 9.0698 91511854
3.0 8.84 Rs 1/(1+R3/200)*

The fixed side cash flows of our current 1.5-year swap are valued as:

100 = 442d, + 442d, + =+42+100
H+e B H
0O 2000
We can again solve for the third zero rate by starting with the discount factor:
d, = — 1 = (100-442(d,+d,))x—>
’ q Rag U T 10442
+ _—°
O 2000

Inserting d, and d, which we' ve already computed, we get:

1

O, R
QH- 2000

ds = 0.8785310
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Inturn, weobtain;

1

_ 1200 = 88226618
18785310° 0

Step 4 Next, find the fourth discount factor and zero rate, using the three
preceding discount factors and applying the same process as above. The
two-year (fourth period) swap rate is 8.60% p.a., giving a coupon rate
of:

860

C,o = = 430

Table 3.3 Swap Zero curve, Step 4

Period Par rate Zero rate Discount factor
1.0 9.53 9.53 95451725
2.0 9.08 9.0698 91511854
3.0 8.84 8.82266 .8785310
4.0 8.60 Rs 1/(1+R4/200)*

We can express the value for the fixed cash flows of a current two-year swap as:

100 = 4.30d, + 430d, + 430d, + Lﬁqog :
R
+ 4
E" 2000
and find the two-year (fourth period) discount factor:
1 1
d, = ——— = (100-4.30(d, +d, +d;))——— = .8454735
4 B_{_ R4 HA ( ( 1 2 3))10430
0 2000
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and then find the fourth zero rate;

R, = B;—lékzoo = 8571517

[18454735>%

You can see how it goes: you arrive at the discount factorsd,, d,, d,. . . recursively
fromthe previousones. Onceyou have eachd, you can easily obtain the associated
zero curve rate R. Now you can test your understanding of these concepts by
recovering theremaining d and R for the dataof Table 3.1. You should be ableto
calculate the discount factors and zero rates as shown in Table 3.4.

Table 3.4 Swap Zero curve to three years

Period (f) Par rate Zero rate R; % Discount factor
1.0 9.53 9.53% 95451725
2.0 9.08 9.06981 91511854
3.0 8.84 8.82266 .87853103
4.0 8.60 8.57152 84547347
5.0 8.50 8.46868 81272929
6.0 8.40 8.36320 .718208491

Finding the forward rates

For the last part of this example, we will calculate the one-period forward curve,
f, f, ... f from the zero rates above.

Retrieving Equation (3) from Section 3.4 and modifying it dightly to adjust for our
semi-annual data, we can apply it to the zero rates we have calculated.
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_(1+Ry)’
CarR) “
Recall that the first forward rate, f , is simply the zero rate, R,, which is 9.53% on
Table 3.4. Thenext forward rate, f, isfound by plugging R, and R, from the same
tableinto Equation (7a) asfollows.

RE 4
f, = M_l%z

H 1+% (7a)

1y, 0.000698(F

2 o .0 _ . 0
0.093 12 = 0.0861063 i.e.8.6106%

[0
O

1+
T

To find the remaining one-period forward rates, we need a more general form of
(7a), which wewill call (7b):

ig.RE B
f = M—l%z .
Raf” h (7
+7
20

The third forward rate is then:

% 0.0882266g
+

0
0{ , 0.090698 HZ
0 2 0

] .
f, 12 = 0.083292 i.e., 8.3292%
g
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The fourth forward rate, f, is:

HO , 0.085715 H
M g

—1%2 = 0078199 e 7.8199%
ﬁa o.osszzeeg
+
8

—_
w
[

The one-period swap forward rates and zeros derived from the original (three
year) swap par curve of Table 3.1 are collected in Table 3.5 below. You can test
your understanding of this section by attempting to produce the fifth- and sixth-
period rates yourself. Better yet, produce the curves out to five years using the
augmented datagiven in Table 3.6 in the exercises at the end of this chapter. Such
aset of calculationsismost easily performed using a spreadsheet program such as
Excel or Lotus. If you are not familiar with these programs, particularly with
respect to financial calculations, you may find it hel pful to skip ahead to Chapter 5,
which provides an introduction to spreadsheets.

Table 3.5 Swap Zero and Forward curve to three years

Period (f) Par rate % Zero rate R; % Forward rate f.;, %
1.0 9.53 9.53% 9.53%
2.0 9.08 9.06981 8.61063
3.0 8.84 8.82266 8.32925
4.0 8.60 8.57152 7.81989
5.0 8.50 8.46868 8.05783
6.0 8.40 8.36320 7.83659
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3.8 Concludingremarks

Modern fixed-interest pricing theory operates using zeros, and especially, implied
forward rates. A popular approach to modeling the term structure is by assuming
that there are only a few primary drivers in determining forward rates. These
factors are assumed to drive not only the forward rates, but flow through these to
the entire term structure and the pricing of fixed interest products.

Although we have presented our discussioninterms of discretetime, these concepts
are more naturally cast in terms of continuous time discounting. This notion was
introduced in Section 2.5, but there the term structure was effectively assumed to
be flat, so there was only one interest rate to worry about. Where there are
several forward rates, the representative discount factor — equivalent to the price
of bond of continuous maturity T —isgiven by:

T
Pr = e_lftdt

In this equation, the discounting process occurs over a sequence of small intervals
fromttot+ dt, and at each interval, the instantaneous forward ratef, is appliedin
forward timet. The zero coupon rate for theinterval (0,T) is defined by:

_ A
R = %@!ftdt

Bearing in mind that theintegral isjust asum, you can see that the zero rateisjust
the arithmetic mean of the instantaneous forward rates. We could also write the
discounting formulaas:

and therelevanceto the discussion of continuous discounting in Chapter 2, Section
5, should beclear.
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We have not discussed the topic of theterm structurein much detail, nor explained
what determines the way the term structure curve shifts through time(as it has
certainly done recently in many countries). There are several theories about the
term structure. One long-standing theory isthat the forward rates can be regarded
as expectations of future spot rates, conditional on information available at time
zero. For instance, if you expect that two years from now, the Federal Reserve
will be adopting atighter monetary stance which would affect short-term interest
rates, so you are expecting the spot rate in two years time to be high. Under the
pure expectations theory, you revise your current forward rate upwards for two
years out. The theory is sometimes augmented to include risk influences, which
generaly increase with forward time, since future events are viewed as being
morerisky.

Wehavenot yet finished with thetopic of interest rates, which will becomeimportant
aswe go on to discuss foreign exchange. However, what has been covered so far
will serve asanintroduction to thishuge and multi-faceted topic, whichisof immense
importancein financial management.
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The basic data needed for the following questionsis contained in the table below,
an augmented version of Table 3.1 which appeared earlier in the chapter.

Table 3.6 Par swap rates

Maturity Par Swap Rate
(years) (% p.a)
0.5 9.53 (6-month
LIBOR rate)
1.0 9.08
15 8.84
2.0 8.60
2.5 8.50
3.0 8.40
35 8.35
4.0 8.30
4.5 8.27
5.0 8.24

1. Usethe swap zero coupon rates to value two coupon bonds, each with face
value $1,000,000 with maturity five yearsbut with differing six-month coupon

rates asfollows:

(i) A coupon rate of 10%
(i) A coupon rate of 5%

(Begin by computing the zero rates for the last four time periods.)
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2. Givenyour pricesfrom Q1, calculate theyieldsto maturity for each bond. Are
they the same?

3. In Chapter 2, we determined the duration of a set of cash flows by using the
yield asthe valuation tool. You can also find the duration by using the zero
coupon rates; theresult iscalled Fisher-Weil duration. Inthismethod, simply
value each cash flow by using the zero coupon rate for that particular cash
flow bucket (that is, if the cash flow occurs at bucket t, use R. Likewise, the
overall value of the cash flows, or instrument, if they take thisform hasto be
established by using the zero coupon rates.

Work out the Fisher-Weil durations for each of the two coupon bonds of Q1,
using the zero coupon rate data.

Note: Ordinary, or Macaulay, duration is the change, or proportional change,
inthevalueof theportfolio or instrument following achangeintheyield. Fisher-
Well duration can be interpreted as the change in the value of the portfolio
following aparallel changein theterm structure of theimplied forward rate—
i.e. imagining that each forward rate shifts upwards or downwards by exactly
the same amount.

4. Let'sdoabit of swap valuation. Well known lunchtime bon viveur Sherry van
Plonk putsafive-year swap on her books at the set of zerosimplied by the data
in Table 3.6. Sheisreceiving the fixed side. Then she goes off to lunch, but
does not bother to hedge the exposure under the “ she'll beright, mate” precept.
Three hourslater shereturns, just in timeto hear that Alan Greenspan has had
abad lunch, and the zeros term structure has changed as follows:

New rates (still applying for six month intervals):

10.20%p.a.
9.55
9.26
9.01

0000

1
2
3
4
and the remaining rates as before lunch.

How much has Ms. van Plonk won or lost on her swap?
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5. Duringtheir very enjoyablelunch, well known tax consultant Darth Evader has
suggested to Ms. van Plonk that she do him a swap whereby he will make a
single payment up front, in return for a set of floating payments out to five
years. The nominal or face value of the swap will be $1m.

(i) Using zerosfor the valuation, what should Msvan Plonk be asking him to
pay?

Assume pre-lunch interest rates and ignore commission and other
transaction costs.

(i) Would such a swap be more or less exposed to the post-lunch change in
interest rates?

6. Find the Fisher-Weil duration of the swap in Question 4 above (valued using
the post-lunch rates).
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FX Spot and Forwards

Around 1973, theworld'sfinancial markets moved to asystem of floating exchange
rates, which meansthat the price of one currency isfreeto move around relative to
that of other currencies. Even the Hitchhiker’s Guide to the Galaxy chats about
the exchange rate between the Altairian Pobble Bead and the Triganic Pu-thisis
anintergalactic phenomenon! Knowing how exchangeratesare quoted isimportant
for any manager who deals internationally—which today meansjust about every
manage.

In addition to looking at spot prices, wewill also discusstrading and pricing of FX
forwards, which are contracts to buy or sell foreign exchange at some designated
timein the future. These FX contracts are abasic part of the risk management of
foreign exchange transactions (such as accounts payable or receivable) where the
changeinvalue of thetransaction currencieswill affect your bottomline. Youwill
see that forward contracts can mitigate the effect of these price swings. We will
show you that the price function of aforward ismultidimens onal—based oninterest
rates inside countries, as well as the corresponding spot exchange rates between
them.
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Financial Modeling for Managers

Part I. Interest Rates and Foreign Exchange

4.1 Notation and definitions

Ask

Bid

Commodity currency

Cross rate

Exchange rate

Forward rates

Inversions

Mid-rate

Numeraire

Spot rates

Terms currency

The price at which adealer or market maker iswilling to
sell. It is the price at which everyone else can buy.
Sometimes called the offer price.

The price at which adealer or market maker iswilling to
buy—i.e. the price at which the customer is able to sell.

The currency being normalized to one unit in aquotation;
more simply, the currency being purchased (or sold) in
terms of the other currency.

Rate of exchange between two currencies that are less
actively traded. Often applied to currenciesthat aretraded
against one another, neither of which is the US dollar.
These rates need to be calculated from exchange rates
quoted against the US dollar.

The exchange rate is the price of one currency in terms
of another.

The exchange rate for currency transactions for future
valuethat take place normally at |east three business days
ahead. (Can betwo business days ahead for some North
American currencies, such as the Canadian dollar.)

The algebraic inversion of a given exchange rate. Bid
prices invert to ask prices and ask prices invert to bid
prices.

The average of the bid and ask prices.

Another name for the commadity currency.

The exchange rate for currency transactions for current
value with settlement taking place in two business days.
For some transactionsin North America, settlement time

can be one day..(e.g. CDN)

In aquotation, the currency used to buy or sell against the
commodity currency.
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4.2 Spot exchangeratequotations

The exchange rate is the rate at which one currency is exchanged for ancther.
Since we have one author from the US and another in New Zealand, we will start
our discussion with the US dollar (USD) vis-a-visthe New Zealand dollar (NZD).
Recently we could exchange one New Zealand dollar for

NzD1 = USD 0.4290

Asin any pricing or exchange scheme, there are two things to be considered. In
the case of exchange rates, both of the items are money, so we need to standardize
on one of the two. Above, the NZD is the numeraire or commodity unit of
measure, whichisquoted intermsof USD. The USD iscalled theterms currency.
You could think of the NZD asthough it were apound of kiwifruit being traded for
a certain number of U.S. dollars (or cents). Hence, the NZD is the commodity
currency in thisform of quotation.

The exchange rate can be expressed as:

e = Qterrm ,
Qcommdity
where Q. isthe amount of the terms currency, Q_, ., IS the amount of the

commodity currency and e isthe exchange rate, the amount of terms currency per
unit of the commaodity currency.

The commodity currency isbest thought of asthe abject being bought or sold, using
the terms currency. Profit or loss on currency trading therefore naturally arisesin
the terms currency. If the price of the kiwi goes up to USD 0.4290 from USD
0.4270, weinstinctively know inthe U.S. that the price of thiscommodity went up.
That isthe normal way of thinking about it. 1f, however, someone wereto quoteit
the other way —as NZD 2.3310 from NZD 2.3419 —we wouldn’t intuitively know
whether the price went up or down. If we aways use the domestic currency (in
our case the USD) as the terms currency, the exchange seems quite clear. Inthe
US, weusually do look at the price of other currenciesthisway, but onceyou leave
our shores, thisis not awaysthe case. We'll explore thisissue below.

You can test your new-found understanding in the context of another common
practice outside of the US. Often exchange rates are written as—say—USD/
JPY, to use the Japanese Yen as an example. This means that 1 USD equals a
certain number of JPY, making the USD the commaodity currency inthiscase. On
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most quote screens, the first currency listed is the commodity currency, and the
second is the terms currency.

Sandard short forms

When you see Foreign Exchange quoted in newspapers in the United States, you
usually see the name of the country with the name of the currency in parenthesis.
See Table 4.3 in Section 4.5 for an example. Thisis not the case in most other
countries. When you look at newspapers, FX screens, or notice boards in other
countries, you' Il find the various currencies are typically reported in the standard
short forms, or derivations, asillustrated in Table 4.1 below. These abbreviations
are based on the Reuters classifications.

Table 4.1 Foreign exchange conventions: short forms

Short Form Country (Region) Short Form Country (Region)
ARS Argentina GBP UK
AUD Australia HKD Hong Kong
CAD Canada JPY Japan
CHF Switzerland NzD New Zealand
CNY China SGD Singapore
EUR Germany USsD United States
EUR European ZAR South Africa

FX Conventions. direct versus indirect quotes
Direct quotes:

In dealings with non-bank
customers, banks in most

Table 4.2 FX conventions: quotations

countries use the USD as the

i Commodity Terms
commodity currency. Currency Currency
Indirect quotes: NZD1 =USD 0.4484
Banksof former British Empire AUD1 = USD 0.5392
countries(e.9. AUD, NZD, GBP) UsD1 = JPY 126.86
generally quote currencies using _
the domestic currency as the usbi = CHF 1.5760

commodity and the USD as the terms currency.
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Exceptionstothisrule:

For transactions in the US (and for the Canadian Dollar), US banks use the USD
as the terms currency. However, US banks follow world conventions for
transactions outside of the US.

US Newspaper quotes:

Quotesin al US newspapers give the price of non-US currencies in terms of the
USdollar—apricethat all Americans are used to. Seldom do you see the Reuters
convention listed. The mid-price is usually the only price given, along with the
country name and name of the currency.  Some papers like the Wall Sreet
Journal will also give the mid-priceinversion (see below).

Significant digits

Thenumber of significant digitsused in foreign exchange cal culationsisa so governed
by convention. For rates of exchange close to unity it is conventional to express
the rate of exchange to four decimal places. Other rates of exchange have their
own conventions; for instance, USD/JPY is quoted to two decimal places.

Bid and offer rates of exchange

A market maker in foreign exchange quotes two prices—the bid and the ask. For
example, theNZD/USD rate quoted may be 0.4280-0.4290. Thefirst price (0.4280)
is the price at which the trader will buy the commodity currency, which is NZD.
Aswe discussed above, thisisthe bid price. The second price (0.4290) isthe price
at which the trader will sell the commodity currency—the ask or offer price. Note
that the smaller figure always comes first and the larger figure second. Thisisa
universal convention, which makesexchangeratelistingseasier to interpret, aswe
will see shortly.

An axiom for making money is buying at a lower price than you sell. Market
makers (dealers) intend to make a profit by buying low and selling high. The
spread, or difference between adealer’sbid and ask, gives some protection against
adverse exchange rate movements, and augments any favorable ones. Part of the
business of being atrader isthe requirement to make prices on both sides, bid and
offer, and traders have to take temporary positions, which may leave them net long
or net short in aparticular currency for a period of time. The spread between the
prices provides them some compensation for the risk taken.

If you split the difference between the bid and the ask, the priceis called the mid-
rate. With the numbers above, the mid ratefor the NZD/USD is0.4285. The mid-
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rate is often used in papers such as the Wall Sreet Journal, where the focus is
simply on recording how the exchange rate moved(in response to economic news,
for example), rather than on actual trading of foreign currency.

In addition to the market quoted rate, economists use a number of constructed
rates, such as the effective or real exchange rates. These are index number
constructions, typically taking the form of aweighted average of the percentage
price movements of a number of currencies, re-expressed in the form of an index.
We will not consider these constructed exchange rates much further, but most
advanced international finance books cover thisissue.

4.3 Inversions

Suppose NZD/USD = 0.4280. What would USD/NZD be? In other words,
suppose the USD is now the commaodity currency, or that we are adopting the
direct basisfor the NZD. Isthe answer simply 1/.4280 = 2.33647? 1f the0.4280is
amid-rate, it would be, but if it isabid or an ask price, we need to be careful.

If the quote is 0.4280-0.4290, the 0.4280 refers to the bid price, the amount the
dealer will pay (in USD) for the commodity (the kiwi in our analogy). Thisisthe
amount that you get if you are selling New Zealand dollars. Now suppose we
reverse the quotation basisto USD/NZD. Thefirst figure of the bid/ask pair refers
to the situation where the USD isthe commodity, so that you aretrying to sell USD
and buy (not sell) the kiwi. Remember that the bid and ask prices are different.

Therefore, in order to make things correspond, we must use as a starting point the
second figure in the NZD/USD based quote—this is the one that refersto selling
the kiwi. Hence, the figure 0.4290 should be used, making the correct bid for
USD/NZD 1/0.4290 = 2.3310. Figure 4.1 below shows the conversion process:

NzZD/USD USD/NZD
4280 2.3310 Thetwo-way quotefor USD/NZD
is 2.3310/2.3364. Note that the
small figure comesfirst.
4290 2.3364

Figure 4.1 Inversions
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4.4 Crossrates

In order to arrive at a rate of exchange between two currencies that are not very
actively traded, it is necessary to cross the currencies against acommon currency.
By market convention, the common currency is the USD. It turns out that this
Crossing process guards against arbitrages even where the two currencies concerned
are actively traded. The term cross rate is used to refer to quotations of two
currencies, neither of which isthe USD.

Two main stepsin the calculation are:

1) Identify the commodity currency and terms currency.
2) Identify how the two rates are to be combined.

The Chain Rule provides a (relatively) fool proof method. We'll start by ignoring
two-way rates and introduce them later.

Example 4.1

Assume that we are given the exchange rate between the New Zealand
dollar and the US dollar as: NZD1 = USD 0.4285, while we are told the
exchange rate between the US dollar and the Japanese Yen is: USD1 =
JPY 127.10. Suppose further that we wish to express NZD as the
commodity currency, and the JPY as the terms currency (i.e., NZD1 =
JPY ?7?). Now we can use the chain rule.

1) JPY ?? = NZD1
2) NzD1 = USD 0.4285
3) usD1 = JPY 127.10
4) NzZD/JPY = (0.4285 x 127.10)
1x1
= 54.46

Figure 4.2 Chain Rule Example
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Chain rule
Linel: Writethe equation (backwards):
JPY?? = NzZD1

Line2: Write the exchange rateinvolving the commodity currency
and the common currency:

NZD1 = USD 0.4285 (common currency — RHS)
Line3: Write the second constituent exchange rate:
USD1 = JPY 127.10 (common currency — LHS)
Line4: Multiply the amounts on each side of the equal signin lines 2
and 3, and divide by the product of the left hand side of the

equation.

NZD1= JPY 54.46

To seewhat we are doing algebraically, let’s return to the definition of the
exchangerate, e. Thedefinition of eis _ <erms | so the exchange rates

for the currencies above are: Qcommodity
~ USD 0.4285
%= T NzD1
_JPY 127.10
%= U1

Inthiscase, to solvefor the crossrate, we need to multiply thetwo exchange
ratesto get the correct crossrate. Thisis not always the case; sometimes
you will need to invert one of the exchange rates to get the desired resullt.

_ JPY? _ _ USD 04285 JPY127.10
€3 € X &= x

= = =54.46
NZD1 NZD1 usD1
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Two-way cross rates

When we introduce bid and ask pricesinto the crossrate cal cul ation, we must take
care to select the appropriate rates, bearing in mind first of all that the customer
aways comes out on the losing end of this proposition. If we are not the market
makers for currencies, we must always buy high and sell low; that is, we pay the
market makers for currency conversion. If, on the other hand, we are calculating
the crossrate from the viewpoint of the market makers, wewill comeout ontopin
thistransaction.

Secondly, recall that if weinvert an ask rate, it becomesabid rate, and if weinvert
abid rate, it becomes an ask rate. Finally, in selecting the rates, remember that if
we are seeking the ask cross rate, we need to multiply two ask rates together. 1f
we are in search of the bid, we need to multiply two bid rates together to get abid
cross rate. In other words, don't mix and match.

Example 4.2

(@) Find the bid rate NZD1 = JPY ???, that is, the rate at which abank in
the market will quote to buy NZD and sell JPY. Here are the steps:

(i) Identify the correct rates to be employed.

NZD/USD is quoted at 0.4280-90 (the normal abbreviated form
for expressing 0.4280-0.4290)

USD/JPY isquoted at 127.05-15 (meaning 127.05—127.15)

Because the NZD isthe commodity currency, the bid istherate at
which the quoting bank is prepared to buy NZD and sell USD in
the Kiwi market, and to buy USD and sell JPY in the

dollar/yen market. Inthis case, the quoting bank needs to buy
the commadity currency in both markets. Hence, in constructing
the bid NZD/JPY, we must use bid rates for both NZD/USD
and USD/JPY.

(i) Apply thechainrule.
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First the bank is looking to buy NZD and sell JPY.

JPY?? = NzD1
NZD1 = USD 04280 (BID SIDE)
USD1I = JPY 12705 (BID SIDE)
NZD/JPY =  (0.4280* 127.05)
(1*1)
= 5438 BID

Algebraically, using the definition for the exchange rate, we
calculate:

USD 0.4280

_ JPY 127.05
Bide,= U1

Bid e 01 =% <%= —\gnr " Ums

(b) Find the ask rate NZD1 = JPY ???, that is, therate at which abank in
the market will quoteto sell NZD and buy JPY. Thistime the quoting
bank needsto sell the commodity currency in both markets, so the ask
rates are used.

The bank wishes to sell NZD and buy JPY.

JPY?? = NZD1

NzZD1 = USD 0.4290

usD1 = JPY 127.15

NZD/JPY =  (0.4290* 127.15)
(1*1)

= 5455 ASK
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Again we can solve the problem algebraically, using the definition for
the exchange rate:

USD 0.4290
ASKE =" \7D1
JPY127.15
f)
oo PY? o US040 Y1275 _
5~ NZD1 NZD1 USD1

Thus, the two-way quote on the NZD/JPY would be 54.38-55.

There are two problems at the end of the chapter that will test your understanding
of cross-rates. You may find them alittle more challenging than Examples 4.1 and

Spot rates. various settlement periods

Sofar, our discussion has concentrated on buying or selling currency “ spot,” which
means that settlement takes place within two days of writing the contract.

In fact, there are three conventional settlement periods:

Valuetoday (“tod”)  Settlement today.

Valuetomorrow (“tom”)  Settlement on next businessday after dealing.

Value spot Settlement two business days from dealing
date, which isthe most common throughout
theworld. Some transactionsin North
Americaare settled in just one day.

Note that slightly different priceswill apply to the rates above for several reasons
which will become apparent in the next section.
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4.5 Money Market Forward Rates

Forward transactionsinvol ve agreements where the exchange rate has been fixed,
but the funds do not actually change hands until a settlement date at least three
business days later.

Thefollowing information was listed in the Wall Sreet Journal on May 22, 2001.

Spot currencies and forward rates for the most actively traded currencies are
listed.

Table 4.3 May 22, 2001 Section C Wall Street Journal

Country USD equiv USD equiv Currency per USD Currency per USD
Monday Friday Monday Friday

Argentina (Peso) 1.00010001 1.00050025 0.9999 0.9995
Australia (Dollar) 0.52803886 0.52985747 1.8938 1.8873
Austria (Schilling) 0.06374868 0.06400655 15.6866 15.6234
Bahrain (Dinar) 2.65251989 2.65251989 0.377 0.377
Belgium (Franc) 0.02174523 0.0218332 45.9871 45.8018
Brazil (Real) 0.43094161 0.43468811 2.3205 2.3005
Britain (Pound) 1.4402 1.4387 0.6943 0.6951
1 Month Forward 1.4394 1.4374 0.6947 0.6957
3 Months Forward 1.4362 1.4348 0.6963 0.697
6 Months Forward 1.4324 1.431 0.6981 0.6988
Canada (Dollar) 0.65049112 0.65235828 1.5373 1.5329
1 Month Forward 0.65023734 0.65210303 1.5379 1.5335
3 Months Forward 0.64977258 0.65167807 1.539 1.5345
6 Months Forward 0.64918203 0.65108405 1.5404 1.5359
Chile (Peso) 0.00164663 0.00164663 607.3 607.3
China (Renminbi) 0.12080504 0.12081964 8.2778 8.2768
Colombia (Peso) 0.00042946 0.00042997 23285 2325.75
Czech Republic (Koruna) 0.02555257 0.02561082 30.135 39.046
Denmark (Krone) 0.11757098 0.11791619 8.5055 8.4806
Ecuador (USDoallar)-e 1 1 1 1
Finland (Markka) 0.14753397 0.14813059 6.7781 6.7508
France (Franc) 0.13372917 0.13426964 7.4778 7.4477
1 Month Forward 0.1336684 0.13421197 7.4812 7.4509
3 Months Forward 0.13355771 0.1340014 7.4874 7.4576
6 Months Forward 0.13345255 0.1339836 7.4933 7.4636
Germany (Mark) 0.44851094 0.45032874 2.2296 2.2206
1 Month Forward 0.44830987 0.45012604 2.2306 2.2216
3 Months Forward 0.44792833 0.44972117 2.2325 2.2236
6 Months Forward 0.4475875 0.44935742 2.2342 2.2254
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Greece (Drachma)
Hong Kong (Dollar)
Hungary (Forint)
India (Rupee)
Indonesia (Rupiah)
Ireland (Punt)

Israel (Shekel)

Italy (Lira)

Japan (Yen)

1 Month Forward

3 Months Forward

6 Months Forward
Jordan (Dinar)
Kuwait (Dinar)
Lebanon (Pound)
Malaysia (Ringitt)-b
Malta (Lira)

Mexico (Peso)
Netherland (Guilder)
New Zealand (Dollar)
Norway (Krone)
Pakistan (Rupee)
Peru (New Sol)
Philippines (Peso)
Poland (Zloty)
Portugal (Escudo)
Russia (Ruble)-a
Saudi Arabia (Riyal)
Singapore (Dollar)
Slovak Republic (Koruna)
South Africa (Rand)
South Korea (Won)
Spain (Peseta)
Sweden (Krona)
Switzerland (Franc)

1 Month Forward

3 Months Forward

6 Months Forward
Taiwan (Dallar)
Thailand (Baht)
Turkish (Lira)
United Arab (Dirham)
Uruguay (Peso) Financial
Venezuela (Bolivar)
Specia Drawing Rights
Euro

0.00257417
0.12820842
0.0033915
0.02129472
0.00008722
1.11383382
0.24160425
0.00045304
0.00814598
0.00817615
0.00822893
0.00831514
1.4068655
3.24991875
0.00066039
0.26315789
2.20409963
0.11158224
0.39805748
0.42700371
0.11031561
0.01616815
0.27839644
0.01966568
0.25094103
0.00437545
0.03434892
0.26663112
0.55248619
0.02030189
0.12690355
0.00076805
0.00527208
0.09804402
0.57231157
0.57273769
0.57352604
0.57487784
0.02994012
0.02193223
0.00000089
0.27225701
0.0764526
0.00139909
1.26119309
0.8772

0.00258475
0.12820842
0.00341279
0.02130833
0.00008791
1.11831805
0.24137099
0.00045487
0.0080952
0.00812338
0.00817728
0.00826354
1.4068655
3.25203252
0.00066039
0.26315097
2.20799293
0.11076037
0.39966428
0.42900043
0.11046672
0.0162206
0.2777392
0.01987084
0.25128785
0.00439316
0.0343678
0.26663112
0.55187638
0.02036411
0.12618297
0.00076687
0.00529341
0.09806806
0.57388809
0.57428358
0.57514235
0.57646855
0.03036745
0.02196595
0.0000009
0.27225701
0.07655502
0.00139855
1.26326427
0.8808

388.475
7.7998
294.855
46.96
11465
0.8978
4.139
2207.3301
122.76
122.307
121.5225
120.2625
0.7108
0.3077
1514.25
3.8
0.4537
8.962
25122
2.3419
9.0649
61.85
3.592
50.85
3.985
228.5477
29.113
3.7505
181
49.2565
7.88
1302
189.6785
10.1995
1.7473
1.746
1.7436
1.7395
334
45.595
1122500
3.673
13.08
714.75
0.7929
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386.885
7.7998
293.015
46.93
11375
0.8942
4.143
2198.4332
123.53
123.1015
122.29
121.0135
0.7108
0.3075
1514.25
3.8001
0.4529
9.0285
25021
2.331
9.0525
61.65
3.6005
50.325
3.9795
227.6265
29.097
3.7505
1812
49.106
7.925
1304
188.914
10.197
1.7425
1.7413
1.7387
1.7347
32.93
45.525
1110000
3.673
13.0625
715.025
0.7916
1.1353
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Forward rates can be quoted in two ways: assimple “points’ or as outright rates.
In the Wall Sreet Journal, forward rates are quoted outright. When a quote is
given on the basis of forward points, apply the points to the last digits of the spot
rate to obtain the all-up or outright rate. Thus, suppose the following NZD/USD
quotes apply with spot followed by forward points:

Foreign Exchange: Spot and Forward Points

Spot A4271/75
1 month -14/-12
2 months -29/-27
3 months -43/-40
6 months -84/-80
9 months -127/-120

12 months -167/-157

These quotes could have appeared instead asthe (identical) outright forward quotes:

Foreign Exchange: Spot & Outright Forwards

Spot 4271175
1 month 4257/ 63
2 months 42421 48
3 months 4228/ 35
6 months 4187195
9 months 4144/ 55
12 months 4104/ 18

Sometimes the forward points are quoted without showing the sign. In this case,
do you add or subtract the points? Theruleis: if the points are decreasing left to
right, subtract the points, and if they are increasing, add them. By applying this
rule, the bid rate (on the left) will always be lower than the offer.

Calculation of the forward FX price
Theforward price of acurrency islargely arepresentation of theinterest differential

between two currencies, not necessarily areflection of the value of a currency at
agivenfuturedate. It should reflect the break-even point of two hedging aternatives.
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A company with a currency exposure several months away could either cover
through theforward market or by entering aspot transaction and using the respective
deposit markets, where the latter encompass borrowing as well aslending. While
the actual forward price quoted by a dealer will be influenced by the dealer’'s
existing or desired position, the range of the two-way pricewill be governed by the
price of hedging by crossing spreadsin the deposit and spot markets. Wewill begin
with asimple mid-rate cal culation in Example 4.3 and then progressto atwo-way
pricein Example4.4.

Example 4.3

Sasquatch Ltd. in Canadaiscommitted to remit USD 10 million to acounter
party inthe USinsix months. It must cover thisexposure, and has decided
to cal culate the most effective way of doing so. It hasachoice of covering
with aforward rate or by entering into aspot exchange contract and using
the deposit markets.

Sasquatch Ltd. finds that the current rates in the relevant markets are as
follows:

Spot USD/CAD 1.5373

6 months forward margin 0.0030

6 month CAD borrowing rate  6.25% (actual /365 days basis)
6 month USD deposit rate 5.75% (actual /360 days basis)
Daysin calculation 180

If the company dealsin the outright forward market, the ratewill be 1.5403.
Thetransaction will be:
The six-month forward rateis 1.5373 + .0030 = 1.5403.

Sasguatch Ltd. buys USD 10,000,000 and sells CAD 15,403,000.00 at
1.5403.

Alternatively, Sasguatch Ltd. can enter into aspot transaction and use the
deposit markets. Here, the company would buy USD value spot, borrow
the CAD equivalent spot for six months, and lend the USD spot amount
for six months.
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The USD forward amount required would be USD 10,000,000, which
must be tranglated into a current amount, and then into CAD.

Solution 4.3

To compare results, calculate the implied exchange rate by:

a) Finding the present value of the USD amount duein 180 days:

USD10,000,000 = USD 9,720,534.63
(1+.0575 x 180/360)

b) Finding thetotal amount of the CAD loan plusinterest to berepaidin
six monthstime:

Converting USD 9,720,534.63 into CAD at the spot rate of 1.5373
gives a CAD-borrowing requirement of 14,943,377.89. In 180 days,
the amount owed will be:

CAD 14,943,377.89 x (1+.0625 x 180/365) = CAD 15,403,961.46
CAD Principal CAD 14,943,377.89

+ CAD interest CAD _ 460,583.57 (365 days per year)
CAD 15,403,961.46

Now the USD total amount owed is USD 10,000,000.

Therefore, the implied forward exchangerate is:

CAD15,403961.46
USD10,000,000

Which rate should Sasquatch Ltd. take?

Clearly, Sasquatch Ltd. should take the quoted forward rate which is
lower, because this option involves payment of asmaller quantity of
Canadian dollars. Itisbuying USdollars, and isachieving alower price
in terms of CAD dollars.

118




Chapter Four. FX Spot and Forwards

We can summarize these cal cul ations with the following equation:

1+ x 1O of days
T dpy

14i. x NO- of days
© dpy

Forward Rate = Spotrate x

wherei_ isthe relevant interest rate in the terms currency (CAD),
and i isthe relevant interest rate in the commodity currency (USD).

Example 4.4

A Mexican exporter will be receiving USD 10,000,000 fundsin 90 days.
What is the risk the exporter faces?

Supposethat thefollowing rates prevail:

The spot rate is currently USD/MXN  8.9606 — 86

The 90 daysratein Mexicois: 8.91 — 8.98% p.a.
(actual / 360 days basis)

The 90 days rate for USD depositsis.  3.92 — 3.96% p.a.
(actual / 360 days basis)

Estimate the forward rate that the exporter can achieve if he wishes to
hedge the above exposure. (What type of limit does this place on the
outright forward rate in the market?)

Solution 4.4

Since the Mexican exporter will be receiving funds of USD 10,000,000in
90 days, therisk isthat the USD depreciates; that is, that the peso increases
in value relative to the USD, so that the exporter receives fewer pesosin
exchange for the USD earnings. The forward rate can be calculated as
follows:
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a) Borrow USD @ 3.96% p.a. for 90 days. (Must borrow at the
highside.)

Find the discounted amount to borrow.

10,000,000 = USD 9,901,970.49
(1 +.0396 x 90/ 360)

Theamount to repay in 90 dayswill obviously be USD 10 million.

b) Sell the USD spot at 8.9606 (i.e. the low side in terms of pesos).
Amount of MXN toinvestis:

USD 9,901,970.49 x  8.9606 = MXN 88,727,596.79

Invest the peso at 8.91% p.a. for 90 days. (Must use low side.)
88,727,596.79 x (1+.0891 x 90/ 360) = MXN 90,704,004.01

Theresulting implied USD/M XN exchangerateis: 9.0704
(90,704,004.01/10,000,000=9.0704.)

Given the above interest rates, the implied future exchange is 9.0704.
If the forward rate is quoted higher than 9.0704, then clearly itisa
good deal, better than can be achieved through the spot and deposit
markets, so the exporter would likely hedge using the forward markets.
If the forward rate were quoted lower than 9.0704, it would be better
to hedge using the spot and credit markets.

One of the most difficult concepts for the newcomer to financial markets to grasp
isthat of atwo-way price. Confusion is compounded by the fact that we look at
problems from different points of view—the price-taker’s and the price-maker’s.
It may help to remember that first of all, aprice-taker aways getsthe worst side of
the spread, and that secondly, a price-maker must pricein away that allowshim or
her to cross the spread in order to cover the quoted position, without incurring a
loss.
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b)

Suppose that as atrader from Bank A, you call atrader at Bank B and ask
for a quote on the Mexican peso. She quotes USD/MXN = 8.9767 - 86.

Under this scenario, what are your three options, and at what price can
you transact? Note that asthe caller, you will have to “cross the spread,”
thatis, transact at the price least favorable to you, if you do decide to
transact at all.

Now supposeyou are an FX trader at Bank C who receivesacall from an
authorized trader at Bank A. You are asked for your pricein Dollar/Mark
(for which you are hired to deal), and you make the price USD/DEM
2.2293 - 98.

If the caller from Bank A decidesto buy, at what price doesthe transaction
gothrough?

Find the two-way GBP/DEM (British pound vis-avisthe German mark) cross
rate given the following market quotes:

Foreign Exchange Rate BID OFFER
GBP/USD 1.4402 1.4408
USD/DEM 2.2291 2.2296

Compute the bid and offer for the NZD against the CAD from the following
rates of exchange. In other words, construct a NZD/CAD two-way cross
rate. Here, both the NZD and the CAD arereported as commodity currencies,
expressed in terms of the USD, which makes the problem alittle more

challenging.
Foreign Exchange Rate BID OFFER
NzZD/USD 0.4250 0.4260
CAD/USD 0.6504 0.6510
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4. Fill inthemissing legs (marked @ and @) for the no-arbitrage spot FX
quote table below. Be sureto show all your calculations.

Foreign Exchange Rate BID OFFER
AUD/EUR (1 0.6001
AUD/USD .5254 0.5260
EUR/USD (2] 0.8770

4.5 (a) Supposethat you are a US exporter of goods to New Zealand and have a
NZD receivable due in 120 days. The forward dealers are al off at a
market luncheon, and their prices are not available. However, spot and
interest rate dealers are at work, quoting the following rates:

Rates Market Two-way Price Day Count Basis
Spot FX: NZD/USD 0.4106/0.4116
120 days interest New Zealand 5.75/5.85 Actual / 365
120 daysinterest United States 4.00/4.10 Actual / 360

What exchange rate can you assure yourself for your NZD receivable?

(b) Theforward dealers come back after a convivial lunch, and one of them
quotes you 0.4068 /0.4078 for 120 days forward. All other dataremains
unchanged. Can you take advantage of his compotation? Explain your
answer.
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DOING IT THE EXCEL” WAY

Part Two of this book introduces you to the Excel” spreadsheet system.
Spreadsheets are an excellent way of organizing computations that repeat
themselves or that require a complex layout. Consequently, spreadsheets have
become a vital tool in the world of finance, and one wonders how we ever got
along without them! Extensive programming skills are not required to use these
tools, but you do have to remember a few basic rules and procedures. Though
there are other financial spreadsheet programs, Excel — produced by Microsoft —
has becometheindustry standard. We'll be using Excel 2000 for our discussionin
this section, but most of the functions we use here can be found in other packages
such as Lotus® as well.

First weshall illustrate Excel spreadsheeting principleswith material onfixed interest
pricing, and later we' |l extend the discussion to cover complex cal culations where
the true advantage of using a spreadsheet will become apparent. It turns out that
you can use Excel for much more than just bond pricing, and you'll find that the
principles learned in this section can be readily applied in later chapters on data
processing for financial econometricsand similar applications.

Thosewho areaready familiar with Excel can probably just skim Part Two, perhaps
taking aquick look at the examples, working through one or two, and trying to think
up alternative ways of producing the same result. Indeed, there are often several
pathsto the end result with spreadsheets, and we certainly don’'t claim to final say
inhow it’'sdone!
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Learning by Doing

An introduction to financial spreadsheets

Spreadsheetsare used extensively intheworld of financefor performing calculations,
analyses, and constructing charts and graphs. If you are atertiary student or are
aready employed in a financia role, and find you can’'t deal confidently with
spreadsheet programs such as Excel or Lotus 1-2-3, now isthetimeto brush up on
your sKills.

Thissectionwill walk you through asimple examplefrom thefinancial application
of bond pricing. Again, we' |l be using the Excel package here, but similar instructions
apply for Lotus.

To get into the spreadsheet program, double click on the Microsoft Excel icon on
your computer. (If you can't find thisicon, try double clicking on the Microsoft
Officeicon, and look for Excel inside the folder.)

Once Excel is open, you will see an empty spreadsheet. The spreadsheet consists
of cells, organized into rows which are numbered along the left hand side starting
at thetop with 1 running to 66,536 at the bottom, and columns which are labelled
aong the top starting on the left with A, then B, C, and so on. Each cell has a
distinct address. For example, [A1] isthe address of the cell in the top left corner,
with [B1] next right, and [A2] directly below. A cell can contain various types of
information such as a number, words, or aformulawhich may refer to other cells.
You can reference the contents of acell by listing its cell address.
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5.1 Sep-by-step bond valuation example
Task: Find the present value on a coupon date of the following bond.

Term to maturity 5years

Coupon rate = 8.0% per annum paid semi-annually
Current marketyield = 7.0% per annum (discounted semi-annually)
Solution:

Begin with an empty spreadsheet (or worksheet, asit is called in Excel).

Using the mouse pointer, locate and click on cell [A2] (first column, second row
down). Typethe word Coupon in this cell and pressthe Enter key twice:

You should now bein cell [A4]—that is, cell [A4] should be outlined in heavy black
so that it stands out as the active cell.

Type the word Principal and press Enter twice again.

By now your pointer should bein cell [A6].

Type the words Time Period and press Enter.

Oops! By now some of you may have made asmall mistake. For instance, if you
typed “Time" instead of “Time Period” by accident and hit the enter key, you can
correct the problem without much difficulty. Use the up arrow key to return the
pointer to [A6] (or just click on the cell [A6] again). Then pressthe F2 key to get
into edit mode, and fix your typo. Then simply pressthe enter key again.

Excel recognizes the words you have typed as text (or labels) and treats them
accordingly. For calculation purposes, Excel will assign a zero value to any cell
that contains text.
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“Time Period” will not fit neatly into the cell, so run your mouse pointer up to the
top of the column to thelabel row of lettersjust aboverow 1. Center the mouse on
thedividing line between columnA and B. Click and (holding down the mouse key)
drag thelineto theright, causing row A to become wide enough to fit thewordsinto
cell [A6]. (Alternatively, smply doubleclick onthedividing line between A and B
at the top of the column, and the column width will change automatically to
accommodate the label “ Time Period.”)

Next, click on cell [B2] and type in 8% then press Enter.

It would be helpful to show two decimal places, so click again on cell [B2]. Run
the mouse up to the formatting tool bar (the second tool bar above your worksheet),
and click twice on the increase decimal format button that looks like this:

«0
0

Cell [B2] should now read as 8.00%.

Click on cell [B4] and type in 1000000 next to the word Principal that sitsin cell
[A4]. Press Enter. As it stands, the number you have typed into [B4] is a bit
difficult to decipher at a glance. (Isit 10 million or 1 million?) Return the cell
pointer to [B4] by using the arrow keysor by clicking on [B4] with the mouse, then
use the mouse to click on the comma button in the format bar:

L

The number in [B4] will become more readable as 1,000,000.00

Note that you can type in the commas as you enter the number, in which case
Excel will accept them asan indication of how youwish al numbersto be presented.
Similarly, because you specified above that you wanted 8.00% written with two
decimal places, Excel will “remember” thisrequest and assume that you want two
decimal places for other values on the same worksheet.

With commas and two decimals, the number in B4 becomestoo largetofit into the
current cell width. Excel 2000 will automatically make the column wider to
accommodate your number. Some older versions of Excel will fill the cell with a
series of hash marks, #####Ht, indicating overflow. For versions prior to’ 97, you
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will have to increase the width of column B asyou did for columnA. Click on the
dividing line between labels B and C at the top of column B and drag it to theright
until there is enough space to show 1,000,000.00 in [B4]. (Alternatively, double
click onthedividing line between labels B and C and the column width will adjust
automatically.)

Now we are going to number the ten semi-annual time periods during which the
bondholder will receive coupon payments. Click on cell [A9] to makeit active, or
activate it by moving the cell pointer there using the arrow keys.

Type the number one (1) into cell [A9], and press Enter.

Type the number two (2) into [A10], three (3) into [A11], four (4) into [A12], and
so on, through ten (10) in cell [A18], pressing Enter after each entry.

Column A should now contain the numbers 1 through 10 running from cell [A9] to
[A18].

Click on cell [B6] and type the words Cash flows. Then press Enter threetimes.

At thispoint, you should have your cell pointer in[B9]. Inthiscell, youaregoing
to place aformulato calculate the bond's first cash flow. Thisishow it's done:

(1) First, to check that you are in cell [B9], look at the formula bar which lies
immediately above the column labels (A, B, C, etc.) on your worksheet. You
will see the current cell address in the left-most section of the formula bar.
Follow therest of theinstructions bel ow, watching what appearsin theformula
bar.

(2) Typethearithmetic operator, = (the equalssign), into [B9], and then click on
cell [B4]. (Note that you do not press the enter key yet.)

(3) Next, typeinthearithmetic operator, * (shift-8), which standsfor multiply, and
click oncell [B2] (still avoiding the enter key).

(4) Type the arithmetic operator, / , which stands for divide, followed by 2, and
click the enter button in the formula bar which appears as a green tick. The
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cell pointer should remainin [B9]. In the formulabar, to the right of the cell
name (B9), there should now be the formula =B4*B2/2.

Two points are worth mentioning at thisjuncture:

(1) Tofinishtheformula, you could have pressed the standard enter key or one of
the arrow keys, but then the cell pointer would have moved one cell down or
one cell in the direction of the arrow.

(2) You could also have simply typed theformula =B4* B2/2 into cell [B9] without
clicking on cells[B4] and [BZ2], but the pointing method described aboveisboth
safer and faster, once you get used to it.

Excel recognizes that you have entered a formulain cell [B9], and responds by
performing a calculation and showing the answer—40,000—on the worksheet.
When the cell pointer ison [B9], the formulawill show in the formulabar, but on
theworksheet itself you will only seethe answer, 40,000 in thiscase, showinginthe
cell.

Relative and absolute addressing

The formulain [BY] is fine as it is for that cell, but now we want to copy the
formulaand pasteit into the five cellsimmediately below [B9]. We want Excel to
perform the calculation of the interest cash flow as before, and report the answer
as 40,000.00 in each of the cells.

Unfortunately thereisasnag. Whenever you enter aformula, Excel assumesit is
inrelative addressformat. For many copy situations, thisformat would befine, but
not in this case. If we copy the formula as it is written into cell [B10], the new
formulain [B10] will read: =B5*B3/2. Excel will adjust the formulaby the same
amount and direction that you moveyour cell. Theresult onyour spreadsheet will
read zero (0), which is clearly not the cash flow we want.

Hence, it is necessary to change the formulain [B9] into absolute address format,
which will anchor the cell referencesin the formulato the cells[B4] and [B2], so
that when we copy the formula those references will stay the same.

We can edit theformulain [B9], changing the cell referencesto absol ute addresses
inthefollowing way.
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Doubleclick oncell [B9]. Using thearrow keys, movetheflashing indicator within
theformulauntil itisbetween“B” and “4” (in other words, zero in onthe [B4] cell
reference).

Then press the F4 key (top row of the keyboard).

The cell reference will change to read $B$4, indicating it is now absolute. Move
the indicator to the [B2] reference in the formula and press F4 again. The [B2]
should change to $B$2 and all cell referencesin the formulawill now be absolute
cell references. They will not change when the cell is copied.

Click the greentick v in the formulatool bar.

Copying aformula

We can now safely copy the contents of [B9] into cells [B10] through [B18] as
follows.

(1) Makesurethecell pointerisin[B9].

(2) Click the copy button in the standard toolbar (the icon depicting two sheets of
paper just to the right of the printer button). To be sureit isthe copy button,
position the mouse over the button before clicking and the name of thetool will

(3) Highlight cells[B10] to [B18] by clicking on cell [B10] and dragging thewide
cross mouse indicator through to cell [B18].

(4) Click the paste button (to the right of the copy button, with a clipboard and
paper).

Alternatively, if you areaconfident rodent controller, you could do the above copy
by clicking on [B9], then holding the left mouse button down, and with the small
cross (+) indicator showing at thelower right corner of the cell, dragging the mouse
to [B10] through [B18].
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If you feel like giving the second copy technique atry, start by pressing the delete

button (marked Del) to removethe highlighted datayou have just entered using the

paste procedure. Then:

(1) Click on cell [B9] and release the mouse button. Now position the mouse on
the lower right corner of the cell (the mouse pointer will appear asa+ sign to
theright).

(2) Hold down the left mouse button and drag the outline of the cell you have
selected into [B10] through [B18] and release the mouse.

Now you have copied the formulafrom cell [B9] into cells [B10] through [B18].
Click onany of thesecellsand view theformulabar. It should show =$B$4* $B$2/

2. Onyour spreadshest, it will show asthe value 40,000.00. Thisistheresult we
want for all of these cells except the last one, [B18]. Here we must use the editor

again.

Doubleclick on [B18] to edit, or get into edit mode by clicking on [B18] once and
pressing the F2 key.

Extend theformulaby adding +B4 at theend of theformulato include the repayment
of the principal. Usethe arrow keys to move within the formula.

Press the F4 key to make +B4 an absolute reference.

Click the greentick v.

All the cash flows should now be correctly represented in cells[B9] to [B18].

Calculating the discount factors

The next step in our bond spreadsheet involves cal culating the discount factorsto
apply to the series of cash flowsto obtain their valuesin today’s terms.

(1) Click oncell [C2] and typeintheword Yield. PressEnter.
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(2) Click on cell [D2] and typeintheyield to maturity as 7%; press Enter.

(3) Click on[C8], typetheword Discount, and press Enter. Typetheword Factor
into cell [C7] immediately below.

(4) Click oncell [C9]. Typethefollowing keystrokes: =1/(1+

(5) Click on[D2] (whichiswherethe discount rate or yield to maturity is stored),
and press the F4 key.

(6) Type: /2)™ (the last character shift-6).
(7) Click on[A9], but do NOT press F4 thistime.

(8) Click on the enter formula button, which appears as a v in the formula tool
bar.

At this point, the formula in [C9] should read =1/(1+$D$2/2)*A9. The “/”
symbol means raise to the power of, and the “A9” refers to the number of time
periodsfor which you will be discounting.

Asthefirst cash flow arrives after one time period, you must discount for just one
period. However, as the second cash flow arrives at the end of two time periods,
you will want it to be discounted back two time periods. Leaving the cell reference
to [A9] as arelative reference will ensure the appropriate discounting when the
formulaiscopied.

Click on cell [C9] and copy as before into cells [C10] through [C18]. You have
now completed the calculation of the ten discount factors.
Applying the discount factors

We will now use the discount factors we have calculated in cells[C9] to [C18] to
value the cash flowsin [B9] through [B18], and place the resultsin column D.

(1) Click on[D6]. Typethe phrase PV of and press Enter. Then enter the words
Cash flowsinto cell [D7] below.
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(2) Click on[D9].Typein = (the equals sign). Don't touch the Enter key yet.

(3) Clickon[B9]. Thentype* and click on[C9]. (Don't touch the F4 key, aswe
want all these address references to remain relative.)

(4) Click on the enter formula button (v in the formulatool bar).

Copy the formulain cell [D9] into cells [D10] through [D18]. Then click on cell
[D19]. Inthiscell, weare going to put thetotal present value of the bond. Runthe
mouse up to the standard tool bar and click on the sum sign, which is depicted by
thesigmasymbol:

Check to seethat it is summing cells[D9] to [D18]; if it doing so correctly, press
Enter. (If itisnot summing correctly, you may need to edit the formula.)

Your spreadsheet is now almost complete. However, it could do with some
formatting help to tidy it up and make it easier to read.

Highlight the cells [B9] to [B18]. Hold down the control key and highlight the
range of cells [D9] to [D18]. The control key acts as an indicator to select the
second range as well as the first. Both cell range selections should appear
highlighted. Click onthe commabutton inthe format tool bar.

All the highlighted cellswill now beformatted with commas.

Finally, click on cell [D19] and then run the mouse up to the formatting tool bar
again to click on the dollar sign to the left of the comma.

&l

Thisaction putsadollar signinfront of the number and helpsto emphasizethatitis
atotal. (Recall that you may have to adjust the column width for older versions of
Excel.)
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Printing and saving
Now we will print your masterpiece, but before we do that, we need to saveit.

To save for the first time, run your mouse up to the menu bar which holds the
various Excel pull-down menus such as File, Edit, View, etc. Click on the File
menu and select the Save As... command (by clicking once again). A dialog box
will open (thethreedots, or ellipsis, alwaysindicatesthat adial og box accompanies
that selection).

Type a suitably descriptive name in the File name box, so that you'll remember
what thisfile contains when you come back to it in the future.

You may want to keep your files organized by saving your spreadsheet on adrive
or in afolder other than the default; if so, click the drop-down button for the Save
inlist box, click onthe disk drive you want to use, and then click the appropriate
folder.

When you are building your workshest, it is a good idea to save your document
often. That way, in the event of a power failure or an inadvertent keystroke, you
won'’t lose too much of your work. Just click the File Save button in the standard
tool bar. (It appears as a floppy disk button about third from the far left of the
worksheet.)

Prettying up for printing

For printing purposes, it is often helpful to place a border around a table in a
worksheet. Highlight the entiretable from cell [A2] to cell [D19]. Run the mouse
up to theformat tool bar and click on the Bordersdrop-down list button. (Theicon
depicts arrow pointing down next to abox.)

@9 « 09

Select a border from the options displayed. Alternatively, you can select Format
from the menu toolbar, then Cells..., Border, and make your choicefromthedialog
box.

Leaving the highlighting in place, run the mouse up to the standard tool bar and
click on the print button. (The icon looks like a printer and is next to the Save
button).
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Your first bond spreadsheet is now complete. Printed, it will look something like
Figureb.1.

5.2 Do-it-your self fixed inter est wor kshop

Bonds: calculating their pricesand yieldsl

Bondsarelonger-term securitieswith original termsto maturity of greater than one
year. For example, auction data from the June 29, 2001 issue of the Wall Sreet
Journal showed that U.S. Treasury bonds range from maturities of June 30, 2003
to February 15, 2031.

Coupon 8.00%| Yield 7.00%

Principal 1,000,000.00

Time Period |Cash flows Discount PV of
Factor Cash flows

1  40,000.00 | 0.966184 38,647.34
2| 40,000.00 | 0.933511 37,340.43
3 40,000.00 | 0.901943 36,077.71
4  40,000.00 | 0.871442 34,857.69
5  40,000.00 | 0.841973 33,678.93
6| 40,000.00 | 0.813501 32,540.03
7| 40,000.00 | 0.785991 31,439.64
8  40,000.00 | 0.759412 30,376.46
9 40,000.00 | 0.733731 29,349.24
10/ 1,040,000.00 | 0.708919  737,275.57

$1,041,583.03

Figure 5.1 Pricing a five-year bond

Recall that the basic features of abond include:
1. Itsdenomination or face value; for example, $1,000,000.

2. Itsmaturity date; for example, June 30, 2003.

137




Financial Modeling for Managers Part Il. Doing it the EXCEL Way

3. Itscoupon rate; for example, 3.875% p.a. (1.9375% semi-annually).

4. The frequency of coupon payments each year and the specific dates of each
payment.

5. Theidentity of the issuer.

For U.S. Treasuries, interest is paid semi-annually from the date of issue. Thedate
of issueisusually the 15" of the auction month (though for some maturities, itisthe
end of the month). Auctions are generally monthly for shorter maturities, and
quarterly for longer maturities.

Bond pricing

A bond’s valueis determined by the present value of its future cash flows. These
cash flows are:

e thestream of fixed coupon payments, and

e therepayment of the bond’s face value at maturity.

Recall the equation for the price of a coupon bond (P), Equation (9) from Section
26:

P = c + _C +..+ (C+RV) 1
1+i (L+i)2 (1+i) @
where C = regular coupon payment
I = interest rate per compound period
FV = facevaueof bond
n = number of interest periods
(generally use half years).
Problem 5.1

Find the price of athree-year bond of face value $1,000,000, paying 8.0% coupons
on asemi-annual basis, given thefollowing interest rate scenarios.

Use Equation (1) above and a spreadsheet table for pricing the bond at a market
yield of 7.0%p.a.(aformat for the table is suggested bel ow).

Start by calculating the cash flows from the bond in the second column, remembering
to include the repayment of principal at the end of the sixth period. Then compute
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the discount factorsin column three. Multiply each cash flow in columntwo by its
discount factor in column three, placing the result in column four.

Thetotal price of the bond is given by summing column four to obtain the total of
the PV’s of the cash flows.

Table 5.1 Pricing a three-year 8.0% bond at yield of 7.0%

Coupon: 8.00% p.a. Yield: 7.00% p.a.
Principal: $1,000,000

Discount factor at | PV of cash flows at

Time Period Cash flow yield of 7% p.a. | yield of 7.0% pa

1

2
3
4
5

6
Totd

(Notethat if you seldom use spreadsheet programs, you will probably find it hel pful
to reference Section 5.1, which provides a step-by-step solution to a similar
problem.)

When setting up the spreadsheet, remember:

(8) The bond pays asemi-annual coupon.

(b) Theyield isquoted on anominal annual basis, and it represents semi-annual
compounding. What discount rate will you use for anominal annual yield of

7.0%7?

(c) For calculation purposes, yields can be expressed asdecimals or in the percent
format (e.g., 9.0% or 0.0900—Excel will accept either.)

Then price the same bond at ayield of 9.0% p.a. You can copy the tableto create

another onefor pricing at 9.0%, or you could just add two more columnsto the one
you've aready created.
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Table 5.2 Pricing a three-year 8.0% bond at yield of 9.0% p.a.

Coupon 8.00% p.a. Yield 9.00% p.a.
Principal 1,000,000
Tmepaior | Cafow | Deutisdord |Vl o
1
2
3
4
5
6
Tota
Question:

Having found the pricefor thebond at a7.00% yield and at 9.00%, what relationship
have you demonstrated between the price of the bond and the market yield?

A bond’s coupon payments form an annulity; thus, the value of any bond isgiven as
the present value of thisannuity added to the discounted amount of the face value.

Using theannuity formula(see Section 2.6), we can short-cut the lengthy calculations
asfollows:

FV

(@+i)"

where thePV of an annuity for n periods at ratei is:

gy

PVIFA , =

P=CxPVIFA, +
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Problem 5.2

Find the price of aten-year bond of face value $1,000,000 paying 8.0% p.acoupons
onasemi-annual basis, given thefollowing interest rate scenarios. Thistime, build
your spreadsheet using the annuity formula. You can probably build the three
interest rate scenarios into the same spreadsheet, since the annuity formula will
shortcut the number of linesin the calcul ation considerably.

Market yields:

(a) 7.0%

(b) 8.0%

(c) 9.0%

A possible layout for thetableisseenin Table 5.3.
Questions:

1. Ontheten-year bondin Problem 5.2, what did you notice about the price of the
bond when the yield was 8.0%?

2. Try adjusting your spreadsheet from Problem 5.1 by substituting an 8% yield

(or better yet, adding extracolumnstoincorporate thissensitivity). What isthe
result?

Table 5.3 Pricing aten-year 8.0% bond at yields of 7.0%, 8.0% and 9.0%

p.a
Coupon: 8.0% Principal: $1,000,000
Yield Coupon flow | PV of coupons | PV of principal Total PV
7.0%
8.0%
9.0%

3. Can you begin to form abasic proposition from this result and the one above
for the ten-year bond?
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Bonds at a premium, discount or par

A bond whose price (P) exceeds its face value (FV) is said to be priced at a
premium. A bond whose priceislessthan itsface valueispriced at adiscount. If

abond's priceis equal to its face value, then the bond is priced at par.

Problem 5.3

Make a summary table like the one below using the results of the previous two
problems and marking the last column P (premium), D (discount), or Par (face

value = price).

Table 5.4 Summary of results for problems 5.1 and 5.2

Bond Coupon Yield Face Value | Price EarD or
3-year bond 8.0% 7.0%
8.0% 8.0%
8.0% 9.0%
10-year bond 8.0% 7.0%
8.0% 8.0%
8.0% 9.0%
Table 5.5 Coupon, yield and bond price
Price vs. face value Relationship of Cto i
Discount P<FV
Par P=FV
Premium P>FV

142




Chapter Five. Learning by Doing

Bond Pricing: Relationship between coupon rate (C), yield (i), and
price (P)

Now you can use the results above in Table 5.4 to summarize the relationship
between the bond’s coupon, the market yield, and the price of the bond. You could
set out your findings in a table like Table 5.5, filling the third column with the
coupon and yield relationship (that is, Ciseither=,>,0r<i).

Note that the rel ationships you have revealed only hold when the bond is priced on
a coupon date. When there islessthan six months to run until the next couponis
due, abond's price may be greater than itsface value, even though the coupon rate
isthe same or even less than the yield.

Finding the IRR given the price of a bond
In most of the world's interest rate markets, bonds are quoted on a price, rather

than yield basis. If we are given abond’s price, how can we calculate its IRR or
yield to maturity?

Problem 5.4

Find the yield to maturity for a two-year bond paying a semi-annual coupon of
8.5% p.a. when the bond is quoted at a price of 106.35 per $100 face value.

Using a spreadsheet program such as Excel, we can set up a table similar to the
oneweused in Problem 5.1 and employ one of Excel’sbuilt-infinancial functions—

Table 5.6 Finding the IRR

Coupon: 850%p.a Yidd: ?% p.a
Principa: $1,000,000 Target Price 106.35
TimePeriod Cash flow Discount factor PV of cash flows
1
2
3
4
Total Tota PV of Cash flows
PV per $100 facevalue:
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IRR. It will perhapsbe moreinstructive, however, to build our table asbeforewith
just two small changes: acell near thetop to contain atarget price, and acell at the
lower right to calculate current price per $100 of principal.

We can adjust the yield input (see the last column on our table) until the total
present value of the bond’s cash flows per $100 of principal isequal to the “target”
price. The advantage of building the spreadsheet this way is that we can readily
seetherelationship between priceand yield. When you start inputting aguestimate
for yield, will your first attempt be above or below 8.5%7?

Notethat if youwould liketo try Problem 5.4 using Excel’sIRR function, you will
haveto add another cash flow for time period 0, the settlement amount you pay out
for the bond(remember that the price isthe amount you are paying to receive a set
of future cash flows. So enter the price as a negative and all other cash flows as
positives). You won’'t need to cal culate the discount factors or PV's of cash flows
asExcel will dothat (invisibly) for you. UsingthelRR functionwill returnyou the
yield to maturity on an effective semi-annual basis. You will have to multiply the
result by two to obtain the nominal annual yield, that is, to get back to the standard
way that bond yields are stated.

Time out for some market jargon...and a useful concept: the PVBP

When you performed the cal culationsfor Problem 5.1, theyield was moved by one
percent at atime. For example, you calculated the price of the bond at 7.0% and
then at 8.0%. Thisone percent change comprises 100 basis points. If rates move,
say, from 7.0% to 7.10%, we describe this as ayield increase of ten basis points.
A rate increase from 7.10% to 7.11% is amove of just one basis point.

For purposes of calculation, we frequently represent yieldsin decimal format, so
that 7.10% appears as 0.0710 and 7.11% is written as 0.0711. In other words,
0.0001 represents one basis point.

The price value of a basis point (PVBP) is the measure of the changein the price

of afinancial instrument such asacommercial bill or abond (or afutures contract,
etc.) when its market rate of interest moves by one basis point.
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Problem 5.5

(8) You have already priced the three-year bond in problem 5.1 at 7.0% p.a. Try
increasing theyield by one basispoint and pricing again. That is, find theprice
at 7.01% p.a.

(b) Find the difference between the values at these two yields. Thisdifferenceis
the PVBP of the instrument at ayield of 7.0% p.a.

(c) Try the same exercise with the ten- year bond. What do you notice about the
PVBP this time?

(d) Comparethe PVBP s of the three-year and ten-year bonds. What relationship
can you hypothesize?

Bond Pricing — less than one discounting period from the next coupon
(See Section 2.6)

In the real world, you typically do not buy a bond at one second after a coupon
anniversary date, soit isusually necessary to usefractional discounting when pricing
bonds. Section 2.6 discusses this issue further. Equation (11) from Chapter 2,
employing fractional discounting, isreproduced below as(2).

PV =

zk=n C FV

+
k=0

eie™ ) @il @

A full description of the terms of the formulais provided in Chapter 2.
a
Remember that the fraction E alowsfor part period discounting.

For Problem 5.6 below, you will need to use the closed form for (2) which is
reproduced as Equation (3) below:

PV :[(1+i)‘% JX[CX(1+ PVIFA )+ FV xPVIF 3)
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Further complicating theissue of bond pricing isthefact that Equations (2) and (3)
providetheinvoice price, but not the quoted price. However, these equationswill
suffice for the next problem, which asks for invoice price.

Problem 5.6
If time permits, try to find the settlement price of the November 15, 2006, T-Bond

stock which carries an 8.0% p.a. coupon when the current market yield is 4.04%
p.a. Use September 24, 2001 as the settlement date.

(@) What are the semi-annual coupons per $100 face value?

(b) How many full coupon periods are left to run?

(c) How many days are there from settlement date to the next interest date?

(d) Calculate the number of daysfrom the last interest date, May 15, 2001, to the
next interest date, November 15, 2001.

(e) What istheyield applied for discounting?
You will need to answer these questions before you can price the bond.

For a challenge, try to put this question onto a spreadsheet. The hardest parts to
program in a general format are (b), (c), and (d).

If youwant to get very professional, note that bonds become ex-interest ten working

daysbefore acoupon date. You could include acalculation for whether the bondis
ex- or cum-interest for the settlement date specified.
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STATISTICAL ANALYSIS
AND PROBABILITY PROCESSES

Thissection of thebook isabout statisticsand probability. Roughly speaking, statistics
isconcerned with the analysis of data, and probability with what we should expect
the datato reveal, based on an underlying model of how theworld works. Financial
econometrics represents a fusion between the two. Also, the modern theory of
derivatives pricing utilizes models of asset prices or returns that follow dynamic
pathsthrough time that incorporate random behavior. To understand these models,
we have to know a bit about stochastic processes, which again incorporate some
basicideas about probability.

This part of our book attemptsto put all these concepts on an operational footing.
Needless to say, alot of reading can be done on the subject, from basic texts on
economic statistics to journal articles on the latest technological gimmicks. Even
books on elementary statistics for business and economics cover statistical theory
in more depth than we will here. However, some statistics textbooks lack some of
the important interpretive dimensions for financial management, and as a resullt,
thereisstill much misunderstanding among practitioners and academics about rather
important subtleties. Some of these subtletieswould take extensive expl anation—
not to mention technical background—nbut the gist can be given in more or less
everyday language.

Before we proceed, however, another word in preparation. From now on, you are
supposed to befairly conversant in Excel, and this expertise will now beintegrated
with the text, rather than being set apart. However, we will still provide step-by-
step instructionsfor theimplementation of various data manipulations. Inaddition
toillustrating the quantitative techniques, theinformation will increaseyour fluency
in Excel aswell.

To produce histograms like those shown in Chapter 6.3 and perform regression
analysisaswedidin Examples7.3, 7.4, 7.5and 8.1, it will be necessary to havethe
Excel AnalysisTool pak (astandard Excel add-in) up and running on your computer.
(From the Tools menu, select Add-Ins... and click on the check-box for Analysis
Toolpak.)
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Statistics Without Becoming One

This chapter is about statistics, though it does introduce the reader to some basic
ideas on probability aswell. Primary emphasis, however, ison dataexploration and
the principles that govern what we can reasonably infer from the data, an area
known as statistical inference. We shall also take this opportunity to introduce
you to the art of downloading datain aformat that you can use for your statistical
number crunching. You may find thisuseful evenif you have no intention of doing
statistics, but simply need the data for other purposes.
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6.1 Notation and definitions

Density function

Distribution

Distribution function

Generation process

Kurtosis

Moment

Population

Thefrequency histogram, or in theory, afunction where the
area beneath the curve and between two points on the
horizontal axis represents the probability of getting values
between those two points.

A general term applied to either the distribution function or
the density function of arandom variable or set of random
variables.

The cumulated frequency histogram or density, a function
whose height at any point isthe probability of getting values
of the random variable less than or equal to that point.
Sometimes we talk about an empirical vs. a theoretical
distribution function. The difference is that the former is
derived from a sampl e taken from the popul ation while the
latter isderived from the population.

Underlying real world model that generates the observed
data, especially in adynamic context.

A measure of whether the shape of a given probability or
frequency density isflatter than acomparable normal density
shape. The distribution is leptokurtic if its peak is sharper
and itstailsarefatter than the normal density. The opposite
is called platykurtic.

The arithmetic average, or in theoretical work, the sum of
thevariables’ valuesweighted by the probabilities of getting
those values (in this context called the expected value or
expectation).

The average or expected value of the deviations from the
mean raised to any designated number, usualy a positive
integer. The meanisthefirst order moment and the variance
is the second order (power two) moment.

The assumed parent set of observations from which the
sampleisdrawn.
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Random sample A sample drawn from the parent population according to
some process which assigns each observation an equal
probability of being drawn (technically, a simple random
sample).

Sample A subset of observations taken or drawn from a parent
population which itself may be too large, expensive or
otherwise difficult to study, usually by means of some sort
of randomization deviceto ensurethat it isarepresentative
sample.

Skewness The extent to which a frequency histogram or probability
density isasymmetric. Thedensity ispositively skewed if it
has alonger tail to the right than to the left.

Standarddeviation A statistic used as a measure of the dispersion or variation
in adistribution. Equal to the square root of the average
squared deviations from the mean.

Statistic A number computed according to some rule from the set of
observations on one or more random variables.

Variance The square of the standard deviation, or the average sum of
squared deviations from the mean.

6.2 Introductiontodata

Dataiswhere the story beginsfor this chapter. It comesin every shape and form,
and can generally bedivided into three categories: good data, not-so-good data, and
truly bad data. Beforeyou spend any timeworking with aset of data, itisimperative
that you first consider whether it isappropriatefor theintended purpose. If you are
inthe position to generate your own data, it paysto spend some time (and perhaps
money) determining exactly what your purpose is and what kinds of claims and
inferences you need to be able to draw from your data. For example, if you have
survey data, you might ask whether it isfree from selection biases. Questionnaires
are notorious for containing bias; even where the response rate is good, there are
issues of neutrality with respect to the dimensions being studied.

For our purposes in this chapter, we will sidestep these concerns and use data

provided specifically for this text on the Authors Academic Press (AAP) website
(see www.AuthorsAP.com). On the AAP website, you will find a database of
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monthly returnsin two files called “USdata.txt” and “USdata.xIs.” Don’'t worry
yet about trying to open them. Thefiles contain monthly returns on thefollowing:

1. A setof 14 large companies of which 13 are quoted on the New York Stock
Exchange and one, namely York Research, is on the NASDAQ. (Not
necessarily a representative set.)

2. The S&P500 Gross index.

3. TheUS30-day CD rate (reported on a monthly effective yield basis to be
more directly comparable with the other returns given).

4. Gross Return on US ten-year Treasury Bonds.

Thedataisnicely lined up over the period March 1996 — January 2001, to give 59
observations, for each of which the returns on stocks, market index, CD rate, and
bonds refer to the same number of business days. Thistype of datais referred to
as non-over|apped, becausethe figure for each month isthe return over that month,
with no contribution from the previous month. You could, for instance, have
constructed a much longer sequence over the same span by adopting a 30-day
measurement frame that moves along one day at atime. This would result in
overlapped data, as successive observations would share, say, 28 days each.

Thereturns datais constructed in terms of what are called accumulation indexes,
of which they are percentage changes. Thisisaway to alow for the effects of the
elements of reward from holding a stock—i.e. thingslike dividends, rightsissues,
bonuses, stock splitsand so forth. The basicideaisthat you start with one unit of
the stock and plough back all the reward elements into purchases of further units,
at market prices: the accumulation index is the value of the fund that you end up
with at the stated point intime. The S& P500 Grossindex isthiskind of accumulation
index.

6.3 Downloadingdata

Downloading datashould in theory bean easy task, but in practiceyou will sometimes
run into difficulties because your data source, whatever it is, may not bein Excel
format. If thisisthe case, you can frequently download it in an alternative format
called atext file, which corresponds as closely as you can get to ordinary typing
format. What we shall do in this section is to give you some directions for
downloading from atext file. Downloading from an Excel fileis straightforward, so
if you think that you will never have to use text file format just skip Section 6.3.
You may find our treatment of the text file downloading useful for other purposes:
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For example, some of the older statistics packages do not allow you to feed in data
as an Excel file, but do accept text files (often written with the suffix *.txt).
Downloading or feeding in viatext isabit of ahassle becauseit will not easily alow
you to feed in variable names as well asthe actual data (easy with Excel). So you
have to keep on your toes a bit.

Asusua we shall follow alearning by doing path. Thefirst thing to do isexamine
the US data files on the AAP website. You will see that there are two files:
“USdata.txt” and “USdata.xls.” Wewill pretend that the second file does not exist
and create it from the first, which is atext file You may notice another file called
“Names.xIs’ that holdsthe names and descriptions of the 14 companies, in order of
their appearance in the data.

The data comesin the form of amatrix. Each line represents an observation (one
time point) on all the variables, thefirst being the CD rate, the second the S& P500
(or market rate), the third, the 14 companies, and finally, the return on the Bond
index. Thus, the datais presented in amatrix of 59 rows and 17 columns. Each
column represents the entire set of observations on one of the variables. Each row
is a snapshot taken at some point in time of the returns on al the variables.

If you download the “Usdata.txt” file, it will appear on your directory as anicon
marked “ USdata” which lookslike aspiral-bound notebook. By double clicking on
the icon, the contents of the data file can be displayed. The file has been created
as atext file, which means that the observations have been entered one by one,
with atab between each figureto “ delimit” it—that is, to set it apart from the ones
around it—and a hard return at the end of each line. Text files are a good way to
capture data if you are not sure what software package will ultimately be used to
process it, because most packages will recognize a text file. We are going to
convert thisdatato an Excel file here, nicely labelled and formatted for readability
(just like the one on the website, but don’'t cheat just yet!). Here'show to proceed.

Left click on the Excel icon to start up the program. Excel will produce a fresh
workbook with thetitle bar at the very top showing “Book 1.” Check that the cell
pointer is in the top left corner of the worksheet on the cell [A1], then run the
mouse pointer up to the menu bar and click on File, then Open. Thiswill generate
adialog box which you can use to import the “USdata’ text file. Beginning at the
top left of the dialog box, click the drop down button to the right of the drop down
list marked Look in: and click on the directory where you have saved the text file.
Then at the bottom left of the dialog box, click the drop down button by the list
marked Files of type:, and select All files. Next, select the “USdata” notepad file
from thelargelist box above, and finally, to complete your selection and close the
dialog box, click the OPEN button near the bottom on theright side.
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If these steps have been executed correctly, pressing the open button will have
started up anew routine called the Text Import Wizard, with a series of three step-
by-step dialog boxes.

For Step 1, click on the radio button, Delimited. Then check that the next box
indicates Start import at row 1. If this box does not show “1”, then using the
mouse, click on one of the spinner buttons to the right, using the down arrow to
decrease the number to 1, or the up arrow to increase the number to 1. Select
Windows (ANSl) from the list box to the right and press the NEXT button at the
bottom.

For Step 2, select v Tab as the delimiter, and click on the NEXT button near the
bottom of the dialog box.

For Step 3, select the General Column Data Format, and then select Finish. This
last step will cause the data to be imported to your new workbook. At the same
time, anew name, USdata, will appear as the workbook title. At this point, select
Fileand then Save As..., from the menu bar, and give your newly created workbook
a new name of your own choice—something other than “USdata’ to avoid
overwriting the existing Excel file. Click onthe drop-down button for thelist Save
astype:, and select Microsoft Excel Workbook. Finally, click the Save button at the
bottom left.

6.4 Dataexploration

OK, now we haveall sortsof data. Eyeballingitwon'ttell you much, and certainly
won't provide abasisfor any claims, so let’stry abit of exploratory dataanalysis.
To makethe data handling more meaningful, it will help to begin by putting labelsat
the top of your data columns. (If you skipped the previous downloading section
and have opted to use the data as provided in Excel format, then you can skip the
following two sentences as well. The Excel data file from the AAP website is
aready labelled.) With the cell pointer at [A1], use the mouse pointer to click inthe
menu bar on Insert, Rows. Then type abbreviated names in the new first row
starting with CD ratein column A, Market in column B, IBM in column C, and
so forth (taking the namesin order of appearance fromthefile“Namesxls.”) The
bond returns appear at the end of the datain column Q.

Pick astock at random—say, | BM—which occupies Column C of your data. Do

ahistogram, whichisaway of summarizing the empirical distribution of returnsfor
thisstock. We dividethe horizontal axisinto anumber of intervals, and look at the
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number of timesthat areturn fallsinside each choseninterval. Dividing thisby the
total number of observations (59) givestherelative number of times, expressed as
afrequency. Thisisplotted on the vertical axis; the resulting construction appears
asavertical bar chart. Of course, the whole thing will be done for us by the Excel
program, and here is how it is executed.

With your Excel workbook containing the returns data openin front of you, runthe
mouse pointer up to the menu toolbar, select Tools, then Data Analyses.... Again,
note that the three dots indicate that there is more to follow—in this case, a drop
down list box of analysistools. Select Histogram, and click on OK. Thisselection
will cause the generation of a histogram dialog box. (This seems long and
complicated at first, but is actually very easy when you get the hang of it.)

Respond to the histogram dial og box asfollows:

Input range: Using themouse pointer, click and drag to highlight
the third column of your data from row 1 to row
60.

Bin range Skip thisbox, asthe histogram routinewill produce

its own equally-spaced intervals with far less
difficulty thanyou can.

v Labels Click the check box and a tick will appear
indicating that option is selected.

© Qutput range Click the round “radio button” and type the cell
name of the location on the spreadsheet where
you wish to place the histogram. Choose a cell
well clear of the data, such as[$AAS$2].

v Cumulative Percentage Click on Cumulative Percentage to select.

v Chart output Click on Chart output to select.

Then click on OK.

You may find that your chart isslightly squashed, making theinterval labelson the
horizontal axis somewhat illegible. If so, click once on the chart, and you will see
tiny black boxes emerge at each of the corners and mid-points of the chart border.
Click and drag on the black box in the center of the lower border, stretching the

157




Financial Modeling for Managers Part Ill. Statistical Analysis and Probablity Processes

IBM Monthly Returns: March 96 - January 2001
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Figure 6.1a IBM returns histogram
graph downward until the labels fit and can be read easily. You can produce a

better title for this chart by clicking on the word “Histogram” and typing a more
informative phrase, such as“1BM Monthly Returns. March 1996 — January 2001.”

Figure 6.1ais our version of the IBM histogram. Of course, there is no uniquely
correct diagram; just aim for onethat looks nice and conveysthe sort of information
you want for your readers.

PG&E Monthly Returns: March 96 - January 2001
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Figure 6.1b PG&E returns histogram
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Now do the samefor another stock—say, PG& E—whichisstoredin Column N in
your spreadsheet.

Figure 6.1b is apicture of what you might have ended up with.

Warning: When you produce additional histograms, be careful to provide a
different output range for each selection, like $AA$25 for the PG&E stock.

Notice anything different about the two histograms?

6.5 Summary measures

Looking at the histograms in Figures 6.1a and 6.1b, you will notice some fairly
systematic differences:

(a) Returnsfor IBM are on average rather higher than PG&E, in the sense
that the center of the distribution — however we define this—is more to the
right. Call this the central tendency dimension.

(b) The spread of observationsis aso wider for IBM than for PG&E or the
S& P500 Gross index. Call this the dispersion dimension.

(c) The histogram for PG&E is a bit crooked; this is the skewness aspect. In
this example, it looks as though someone has taken a nice symmetric
distribution and pushed it towardstheright, thereby creating along tail on
the left. Hence, we call this negative skewness. If the long tail isto the
right, the distribution is said to be positively skewed. Although it might be
bit harder for you to pick it up simply by eyeballing, IBM isalso ahit
skewed, in this case positively.

(d) The histogram for PG& E looks a bit peaky relative to anice bell shape,
with more weight in the center, lessin the intermediate zones, and again
more weight in the end zones. The pointy head / fat tails property is called
kurtosis— specifically, leptokurtic. Rather like Dilbert’sboss.

Note that the bell-shaped property of the benchmark kurtosis comparison has a
technical name - the Normal density. More on this shortly.

There are summary measures available for all of the tendencies mentioned above.

In fact, there are several measures for each of the elements (a) — (d), but we'll
limit our discussion to thefollowing:
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(a) To measure central tendency, we generally use the arithmetic mean: for a

set of N numbers x,, x,,,...X,, we have:

1 N
M= g2 )

You will be used to the notation by now. Recall that the 2 isthe summation sign: it
means that you sum the observations, collectively denoted X, from observation
number 1 to observation number n.

The median is another widely used measure of central tendency. It is the point
where half the observations lie to the right (are greater than) and half to the left.

(b) To measure dispersion, we generally use the variance, written as:

N

o= il b s o] = el

The square root of the variance, namely 0, is called the standard deviation.

Note: Often you will see the mean written as X instead of . Likewise, in the
variance formula (2) you may see the divisor (N-1) used in place of N, while the

sample mean X isused in the formulain place of p. Indeed, thisisthe version
used in the Excel functions; the result is often denoted s° or §%. These are called
sample means and variances—they indicate that the datais being regarded as not
aself-sufficient population, but asample from some extended population of actual
or potential data. Sample statistics (mean, variance) are used to estimate the
population parameters. Thisisour first point of contact with the important topic of
sampling estimates, and we'll get back to it in due course. For the practical work,
go along with the Excel versions.

The variance is the “second order moment about the mean” — you can see that
“second order” refers to the squares involved, and the “moment” is a measure of
power or leverage. Notice that large deviations from the mean are squared up, or
powered up, to become of much more moment in the scheme of things—hence, the
variation aspect isincreased by large deviations from the mean.

The standard deviation —sigmaor 0 —is another useful angle that we can call the
“ballpark property.” It can be shown that at least 75% of the time, a random
variablewill liewithinaninterval equal to twiceits standard deviation, and depending
on the precise pattern of the data, sometimesalot closer than that. So the standard
deviation is a sort of bellwether as to how far the random variable x is likely to
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depart from its mean. For most data patterns, you are not likely to find many
observations further than one sigma from the mean, and very few more than two
sigma’s away.

(c) To measure skewness, we use the third order moment about the mean:

1 N
Vs = ﬁ;(xi-ﬂ)s : ©)

Again, the measures are powered up, in this case by the cube. But notice that
positive and negative deviations from the mean are no longer treated the same —
the cube of a negative deviation (X < J) is negative, while the cube of a positive
deviation (x > p) is positive. So, if the histogram is nicely symmetric about the
mean, there are as many positive as negative deviations, and they balance out to
zero. Ontheother hand, apositive overall valuefor y; indicatesthat overal, there
are bigger numbers above the mean than below it: the distribution is positively
skewed. The same principle applies to negative skewness.

(d) To measure kurtosis, we proceed as follows:

First compute the fourth order moment about the mean:

_1lg 4
o= g2 OH)
i=1

Then compute the kurtosis measure as:
kurt. = vy, / ¢ (4)

Jugtifying thisoneisabit lessintuitive. It turnsout for theideal bell-shaped distribution
(the normal density) that we used as a benchmark, the ratio in (4) turns out to
have the value 3. Distributions that are peaky in the middle and fat in the tails
(relative to the benchmark) have kurt > 3, while those that are fatter in the middle
and skinnier in thetails have kurt < 3. Often the deviation (kurt - 3) isin fact used
and one simply observes whether it is positive or negative. Thisisessentially the
casein Excel, where you just note whether the measure is positive or negative. If
it's positive, the distribution is called leptokurtotic or leptokurtic; if it's negative,
platykurtotic or platykurtic.

Onceagain, theissue of sampling arises. Sample datahel psyou estimate skewness
and kurtosis in the population. In this case, you have to make some adjustments,
typically involving divisors differing abit from N. Asthe sample size getslarger,
the difference from N gets smaller. Aswe noted before, Excel functions assume
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the sample framework, and in the case of kurtosis, Excel uses the deviation from
the normal benchmark of three to give a positive or negative outcome.

Hands-on example

Try computing all the above measuresfor the stocks you have chosen, using Excel.
First, let’s compute the means.

(i) Computing the means.

(i)

Start by moving the pointer to an area of your worksheet well clear of your
data and histograms; for instance, to cell [AM3]. Type the word MEAN

in [AM3] and press Enter. Then calculate the mean (or arithmetic average)
for each of the sets of data used in the histograms.

Excel has a statistical function which can do thisfor you. In cell [AP3]
type AVERAGE(C2:C60) and press Enter. You have just computed the
mean return for the IBM stock for the data period.

Alternatively, you can perform the same cal culation using Excel’s Function
Wizard. Run the mouse pointer up to the standard toolbar and click on the
fx button, which will generate adialog box. Select “ Statistical” from the
Function Category list box, and “ Average” as the Function Name. Then
click on OK, type the range as C2:C60, and click on Ok again. (Note that
instead of typing the range, you could have also selected those cellsin your
worksheet using the mouse or cell pointer.)

To produce the mean of a second series, you can simply copy the formula
you have just created and paste it to the cell on the immediate right, using
the cut and paste buttons in the standard toolbar. (Again, passing the
mouse pointer directly over atoolbar button will reveal itsnameif you
need a prompt.)

You could copy the formulainto the next cell to the right for PG& E, but
then you will have to edit the formula. Pressthe F2 key and change the
cell range selection to N2:N60 to obtain the PG& E data.

Computing dispersion, etc.

Excel has functions to compute the variance (VAR), skew (SKEW), and
kurtosis (KURT), all of which can be called into action using the Function
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Wizard. The desired function can be selected by clicking on the fx button,
selecting Satistical asthe function category, and selecting the required
function name. Try thisfor the two selected stocks. You can incorporate
al the measures into atable, with the variance, skew and kurtosis for a
given stock appearing in the same column in the cells below the mean.

Finally, you can extend the work you’ ve done by doing two more series. We
suggest you use market returns and bill rate, to see whether they look different
from theindividual stocks. For the additional histograms, you can use the output
range $AAS$50 and SAA$65 for the two new selections.

To do the summary measuresfor the additional selections, you can simply copy all
four measures for IBM and paste them across into the cells in the two columns
directly to the left of the IBM calculations. (This copy and paste action will
automatically result in the selection of the correct data—the data from ColumnsA
and B of your spreadsheet.)

Theresult of applying the four Excel functionsto the four variablesisdisplayedin
Table 6.1 below.

Table 6.1 Summary comparison

CD rate Market IBM PG&E
Mean 0.004662 0.015277 0.027725 -0.001301
Variance 1.6E-07 0.002161 0.010533 0.008008

Skewness 0.852361 -0.748774 0.340452 -0.714566

Kurtosis 0.169354 1.001306 -0.040204 2.123769

The results for IBM and PG& E conform to the conclusions we made earlier by
eyeballing the histograms. For example, we see that PG&E is indeed negatively
skewed, and IBM ispositively skewed. PG& E isdistinctly leptokurtic, while IBM
isplatykurtic (recall that Excel measuresthisfrom the zero base). You will notice
some differences when you look at the market return and the CD rate. Asyou
would expect, the dispersion of the market islessthan for individual stocks, and the
dispersion for the CD rateis quite abit less.
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6.6 Distribution function and densities

Now we are going to generalize things a bit. In essence, we will re-examine the
datawe havejust explored, and view it asasamplefrom some underlying popul ation
of security returns. The underlying population can be provisionally thought of asa
big histogram in the sky—but of course, this description would not satisfy our
mathematician friends, so let’stry to place our intuition on afirmer footing.

Go back to the histogram computation in the previous section. At eachinterval of
the horizontal axis, instead of simply recording the number of observationsfalling
withinthat interval, record the number falling lessthan the upper limit—that is, the
number in the chosen interval plus the number in all the intervals less than this.
Then expressthe result as aratio, by dividing by the total number of observations
(inthiscase, N =59) and plot. Thisisactually what you asked Excel to do when
you selected Cumulative Percentage while producing the histograms for the two
data series.

The result is called an empirical distribution function. The plot is cumulative in
nature, since at each step, we are adding in the new histogram interval to all the
preceding. We arein effect cumulating the histogram. The plot starts out at zero
and ends at one, because by then all the numbers have been included. If you turn
back to figures6.1aand 6.1b, you can seethat in each case, theempirical distribution
functionislisted as“cumulative %" and superimposed on the histogram.

This perspectiveisthe key to making further generalizations. Supposethat instead
of 59 observations, we have one thousand. You can see that we would have been
able to subdivide our histogram intervals, and still have a reasonable number of
observationsin each. When you plot the empirical distribution function (i.e. the
cumulativefunction), it will now look much smoother, becausethe stepsarelikely
to bemuch smaller. You can seethat if the number of observations getsvery large,
the curve would become very smooth. We can call thisthetheoretical distribution
function. It isniceto think of the curve as continuous to emphasize the limiting
process, but infact it doesn’t have to be continuous—it can have sudden jumps and
still be aperfectly proper distribution function.

You might wonder what the data histogram would begin to look like. It turns out
that the histogram as such does not survivethe passageto infinity. Thereplacement
model is a similarly shaped curve: bell-shaped, skewed, or whatever. You can
interpret it to mean that the total area underneath the curve is one, and the area
underneath the curve between any two points on the axis represents the probability
that a single observation, selected at random, will fall within that interval. Thisis
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called the density function. For technicians, the density function represents the
mathematical derivative of the distribution function, or the distribution function
represents the integral of the density function.

1.2
14
0.8
—e— Density
0.6 —m— Distribution

0.4

0.2

Figure 6.2 Continuous distribution function and density

Figure 6.2 portrays the continuous distribution function, F(x), and the associated
density function, f(x). The (cumulative) distribution functionisnow the nice smooth
curverising from left to right and reaching one. The corresponding density function
represents the rate of change of the distribution function. The area under the
density curveto theleft of any point x isthe probability of getting avalue drawn at
random that islessthanx. Thisprobability isgiven by thevalue F(X) of thedistribution
function.

Note that Excel has drawn the density function as a nice bell shape. The one
illustrated aboveisin fact the Normal density, which is defined by the formula:

1 =
= .e
/& o ,
where the number e is the base of natural logarithms.

The Normal density has just two parameters, m (the mean) and s (the standard
deviation).
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In Figure 6.3, Excel was used to explore the effect of changing o and the area
under the curvefor different x values. Notethat as sincreasesfrom 0.5to 1.0, the
curve flattens close to the mean and the probability increases that an observation
(X) will fall somewhere in the tail—that is, further from the mean.

Figure 6.3: Variational analysis on Normal density

An especially important special case of the Normal density is where the mean is
set equal to zero and the variance is set equal to one. Thisis called astandard (or
unit) Normal density, and instead of x we conventionally use the symbol z for a
standard normal variable. If you start with avariable x with arbitrary mean m and
variance %, you can transform to a standard Normal by writing:

X -
pall

Z=

In the case of a standard Normal density, the area under the curve to the right of z
=1.96is2.5 %, and the areato the right of 1.96 and the left of -1.96 has atotal of
5%. Thepointz = 1.96 is called the 5% critical point for the Normal density.

Normal distributions and a closely related distribution called the Sudent’s t are of
great importance for testing hypotheses. Financial returns data usually aren’t
Normally distributed, but as we shall see, this does not stop us from using the
Normal to test hypotheses about popul ation parameters based on sampl e estimates.
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With these concepts under our belts, we can reinterpret our data mining of section
6.4, referring to sampl e stati stics which are used to estimate underlying popul ation
statistics (or parameters, aswewill call them now). Once again, you will beginto
seethedivisor N-1 used instead of the N used in variance formula (2), because we
are now working with sample data. By replacing N with N-1 in the sample
calculation, we are correcting the * of the samplein order to estimate the underlying
s? of the parent population. A similar correction must be madeto the denominators
of the expressionsfor g, and g,. However, no such correction is necessary for the

sample mean X as an estimator of the population mean, which is usually denoted
by the symbol m.

Thedescription just given essentially motivatesthe theoretical distribution function
and density in terms of a limiting process, as the number of observations in the
sample gets large and larger. Actualy, this represents a very particular view of
probability known asthefrequentist inter pretation. Whilethisview isaconvenient
illustrative device, it isn’t the way most financial econometriciansview theworld.
Econometriciansgenerally havein mind a“datageneration process’ (DGP), which
isatheoretical model couched at the outset interms of probability densities. These
models may never be able to generate nice stationary histograms such as we have
discussed, so the passage to infinity, as we have described it, is impossible, and
classical statistics do not necessarily apply.

Indeed, if you consider the context of our returns data, you can see why thisisthe
case, at least roughly. Suppose that a stock market crash and subseguent backlash
has occurred over the last several months. Thisisclearly atime of high volatility.
Would your probability assessment of prices for the coming month be unaffected
by this recent history? Clearly not. For one thing, you would certainly change
(upwards!) the s for your distribution of the end of the month price. By doing so,
you are starting to model the conditional distribution of the end of the month
price, giventheinformation availableto you. In other words, you are modelling the
conditional distribution of p at timet, giveninformation availableat timet- 1. This
is what econometricians are doing as well. In such a framework, the classical
concept of apopulation out there somewhereisclearly inapplicable, sincewereally
only ever have one observation possible for the coming month. The classical idea
of asample as 59 observationsdrawn from aparent popul ation does have ameaning,
but only inthe sense of astationary distribution that you might get by smply ignoring
thetemporal structure and considering what histogram boxesthe pricesfall intoin
the very long run (called the stationary distribution). The problemis, it does not
awaysexist. We'll returnto thislater. For the moment, we shall continueto assume
that classical statistics does apply and consider the important topic of sampling
distributions.

167




Financial Modeling for Managers Part Ill. Statistical Analysis and Probablity Processes

6.7 Samplingdistributionsand hypothesistesting

Now suppose we assert at a staff meeting that the average overall monthly stock
market returns (the S& P500, say) is m = 1% and the standard deviation is 6? =
0.02. Note that we're asserting these as population parameters in general.
Somebody challenges us; his name is Thomas Dubious. Tom isvisiting from our
Australian operation, and like many Aussies, he'sabit of asceptic. He agreeswith
the s, but says that the correct theoretical mean mis 0.7 %, much less attractive.

Let ustake acloser look. Essentially, we have postul ated an underlying (stationary)
probability density for stock market returnswith theoretical parametersm =1%, s
= 2%. For the sake of argument, we will suppose that the density itself is nicely
bell-shaped (Normal), in which case those two parameters are all that is needed to
characterizethe distribution. Thomas agreeswith uson the shape and the variation,
but not on the mean. How do we decide who isright?

Theobviousthingto doistolook at some actual observations, which we shall take
here as a random sample of stock market returns. Suppose we have been a bit
lazy and taken a sample of just four observations. To estimate m we compute the

sampleaverage, X. Itcomesoutas X =1.1%. Canwe claim to have proven our
point? Not yet. Our colleague Thomaswould surely point out that our samplesize
was too small and that the average of just four observations could wobble all over
the place.

Of course, heisright. Thesamplemean X isitself arandom variable, and it hasits
own theoretical mean and theoretical variance. The theoretical mean is exactly
the same as that of the population from which you are sampling. But the variance
of the sample mean is different — it depends on the size of the sample, as well as
the variance of the population. Asyou would expect, the greater the sample size,
the smaller the variation you would expect in the sample mean —it will wobblefar
lessfor asample of size of one hundred than for asample of sizejust four. Indeed,
one can show that under pure random sampling, the theoretical variance of the
sample mean is equal to the parent or population variance divided by the sample
size (denoted n here):

variance (X) = o?/n (5)
So, if s = 2% and the sample size n = 4, the standard deviation of the mean (square
root of the variance) is0.02/v4 =0.01, or 1%. You can see why our assertion that

m= 1% will carry little conviction; thetruefigure could be our doubter’s0.7% with
an excellent chance as well.
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Indeed, suppose Thomas right and the true value really is 0.7% (this condition is
now our null hypothesis.) We can work out the probability of getting the observed
sample mean of 1.1% given that m = 0.7%. To do this, we use the fact that the
sampling distribution of the sample meanisitself Normal. Wework out the standard
Normal value corresponding to x = 1.1, given a standard deviation of 1% and an
assumed mean (the null hypothesis) of Tom’s 0.7%. We get:

z = (11-07)/10 =04
Now you can go back to Excel, and using the Function Wizard, select “ Satistical”
as the Function Category, then “NORMDIST” as the Function name, and click
on Next.

Then you must respond to the second dialog box asfollows:

(1) onthefirst line next to x, type: 1.1 (then press the Tab key)

(2) onthesecond line next to mean, type: 0.7 (press Tab)

(3) next to standard_dev, type: 1 (press Tab)

(4) next to cumulative, type: true (press Tab) and click
on Finish

You will find that the function returns the value 0.655422, which represents the
probahility of getting an observed sample mean of up to thevalue 1.1. Hence, to
find the probability of obtaining an outcome of 1.1 or greater, subtract the value
returned by the function from 1.0 (i.e.: 1.0 - 0.655422 = .344578).

You find that the probability of getting an observed sample mean of 1.1 % or higher
150.344578 or 34.6%. Thus, Thomas could very well have been right: even with
his assumed mean of 0.7%, we still could have gotten a sample mean as high as
1.1% with an appreciable probability. In statistical terms, we could say that we
have been unable to reject the null hypothesis that Tom is right, in favor of the
aternative (that we are right).

On the other hand, with a sample size of n =100, you can see from are-application
of formula (5) that the sample standard deviation of x isnow 0.02/ 10 = 0.2%.
Now calculate the z score for the sample mean of 1.1% with an assumed true
mean of 0.7%. You will find that z= 20, and the probability of getting az score as
high asthisis so small that it can safely beignored. Almost certainly, Thomasis
now wrong. Indeed, it turns out that even we have been a bit on the conservative
side (to see this, assume a true mean of 1% and find the z score for the observed
1.1% on thisbasis).

169




Financial Modeling for Managers Part Ill. Statistical Analysis and Probablity Processes

Thomas, never oneto give up, hasafurther objection. What if our ideas about the
population standard deviation s — which you will remember we simply assumed
was equal to 2% —werewrong, and in fact the true standard deviation isquite alot

higher? It istrue that in this case the sampling variance of the estimator X would
be higher, and our conclusions would not be quite as devastating to his case.
However, we can in fact estimate s by using the same data as we used to estimate
the sample mean in section 6.2 using estimator (2). Remember, though, to use N -
1 in the denominator since it is a sample estimate of a parent parameter.

A further complication is that the distribution of the sample mean is no longer
Normal, and we have to use another set of tables (the Sudent's t). These are
slightly more cumbersome, because the reference tables for the probabilities now
depend on sample size. More specifically, they depend on the degrees of freedom
inthe data, which is equal to the sample sizelessonein thiscase. However, there
are till 99 degrees of freedom and for a number this large, the Normal tableisa
very close approximation to the t table, so we may as well continue to use the
Normal table. (Note that though we continue to use the term “table,” these days
most of this datais accessible through Excel functions, making it unnecessary to
reference an actual table.)

Let’s proceed to estimate the sample standard deviation. Wefind it comesto 2.1.

So the estimated sampling standard deviation of the mean X is now 0.21/10 =
2.1%. Evenwith thischange, you can verify that with the sample of size 100, not
much will change as far as the z score — or the t score as we now cal it —is
concerned.

At this point, Thomasis out of objections, and we have won our case.
Review

Although couched inthelanguage of classical statistics, thediscussionin thischapter
hasintroduced some important ideas. Here are some of the topics we' ve covered.

1. The idea of an underlying population about which we are trying to make
statements was introduced. In financial research, we typicaly replace the
ideaof apopulation, whichisinherited from classical statistics, with the notion
of an underlying model or data generation process (DGP), the parameters of
which we are trying to estimate or examine. Nevertheless, the language is
much the same.
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2. We also discussed the idea that we can make these statements by drawing
some datafrom the popul ation, or observing amorelimited set of data presumed
to have been generated by the underlying DGP.

3. Arredlization that once we use estimates based on samples, the values of those
estimates can be expected to fluctuate depending on what numbers happen to
appear in the samples—in other words, the sampling variation. Thisvariation
in sample-based estimates over different possible samplesiscalled the sampling
distribution of the estimates.

4. The sampling distribution of our estimates governs the degree of conviction
with which we can infer things about the underlying parameters using the
sampling estimates. Based on what we know about the sampling distribution of
the estimates, we can make statements which give the probability that any
hypotheses made on the basis of the sample data are correct.

Whew! We have covered quite a bit of the territory of statistical estimation and
hypothesistesting, inavery intuitiveway. For the purposesof illustration, we have
used the sample mean as an estimator of a population mean. Later, we will deal
with more useful sorts of parameters and estimators with respect to financial data.
But the fundamental concepts are the same, no matter what the context. In the
meantime, note that all the standard estimators you are likely to use come with
estimates of their sampling distributions attached. In particular, the package you
usewill amost certainly givenot only the estimateitself, but a so an estimate of the
itssampling variance. These should always be presented together, so that the reader
canfirst ook at the estimated value and then at the sampling variance of the estimate
to see how likely it isto wobble around. Thisallows the reader to make up hisor
her own mind as to how much credence to give the estimate.

Thisis all the formal theory of sampling distributions that we need. We've aso
touched on thetopic of hypothesistesting in the context of our debate with Thomas
Dubious. However, we shall leave aformal treatment of hypothesis testing to the
statistics textbooks.
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Exercises ()

1. Not too long ago, we saw an MBA questionnaire circulated to corporate
treasurers asking them whether they practiced formal risk management
techniques. Would the following categories of recipients have the same
response rate?
€)] Treasurers who do not practice risk management techniques
(b Those who do practice risk management techniques, but are too busy

and/or do not like MBA students
(© Those who are not too busy and who do practice risk management
techniques

Hence, evaluate such a questionnaire as a research tool.

2. Although we havefollowed convention in using the arithmetic mean of returns,
for returns data, the geometric mean is often — and more correctly — used.
The geometric mean g isdefined implicitly by theformula:

L+ = (1+x)(1+x)..(1+x,)

In other words, it isthe constant return that would compound up to exactly the
same terminal amount as the observed sequence of returns x,, X, ...

Comparativereturnsdataare used extensively by theresearch firmsthat compile
fund rankings. For such purposes, which do you think is the more correct
measure—the arithmetic mean or the geometric mean?

3. Herearesomerandom variablesof different kinds. What sort of density shape
do you think each would have? (Look in particular at the symmetry, kurtosis
angles, and whether the shape might be bimodal, meaning it might have two
peaks rather than one.)

(i) Daily stock market returns.

(i) Theweights(in pounds or kilos) of the population at large.

(iii) The weights of money market dealers.

(iv) Incomesin the population at large.

(v) The number of tourists eaten by crocodiles in Queensland each year.
(vi) Thedistribution of gradesin your class on the next exam.
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4. Weknow from the Normal tablesthat for astandard Normal density, prob (z>
1.96) =0.025. Becausethe Normal density issymmetric, we can also say that
prob (z < -1.96) isaso equal to 0.025. So +1.96 and -1.96 are the upper and
lower 2.5 % critical points, making up 5 % together, so that they are sometimes
called the two-tailed 5 % points.

Assume that the distribution of a sample mean x is Normal with mean m and
variance s?/n. Use the standard Normal limits above to claim:

{Q 196 L X+ 1.96£}

7 Jn

Suppose you could repeatedly draw samples of size n and compute the mean
of each such sample. Then 95% of the time, the interval will contain the true
mean m. The above interval is said to be a 95% confidence interval for m.
L oosely speaking, once we have computed the sample mean 0 we can be 95%
confident that the true mean will lie between the two limits.

Getting back to our debate with Thomas, let’s ook at this another way. We
draw a sample of size four, and find a sample mean of 1.1%. We know the
population standard deviationiss = 2%.

() Find a95 % confidence limits for the population mean of stock returns.

(i) Now change the sample sizeto n=100. What happens to the confidence
limits?
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Regression and All That

In this chapter, we extend our discussion to consider the association between two
or more variables, rather than each oneinisolation. It isimportant for usto do so,
because many of the statementsin financial theory and practice are indeed about
relationships. Often these appear in theform of hypothesi zed equilibrium properties.
For instance, the famous CAPM theory concerns the relationship in a state of
capital market equilibrium between the return onindividual stocks onthe one hand,
and the market return, on the other. Or, when we hedge one position with another,
we need aformal way of handling that vital stochastic (afancy name for random)
relationship between the hedge instrument and what is being hedged. Regression
methodology isawindow into all this.
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7.1 Notation and definitions

Covariance

Correlation coefficient

Degrees of freedom

Histogram

Null hypothesis

OLS

Regression

Scatter plot or diagram

Theaverage product of deviationsfrom means of two
variables; measures the extent to which one variable
moves along with the other (positive covariance) or in
opposition to the other (negative covariance).

The coefficient of correlation between two variables;
equal to the covariance divided by the product of the
standard deviations, with value lying between +1 and
—1. If thetwo variables have no statistical association,
the value is zero, while if the two variables plot
perfectly aongthe straight line, theva ueiseither plus
one or minus one.

The effective independent dimensionality of a
computed statistic, which may belessthan the number
of observations.

A bar graph of afrequency table, wheretheintervals
of the table plot into bars or boxes, with a base equal
to theinterval and height equal to the frequency.

Thevalue of aparameter given an assumed base case
model or condition, to be accepted or rejected for the
aternative hypothesis—itsvalue under an alternative
condition.

Acronym for Ordinary Least Squares, the most basic
statistical technique for fitting parameter valuesto a
line or curve; operates by choosing the parameter
values that minimize the sum of squared deviations
from the assumed line or curve.

The hypothesized relationship between a dependent
or left hand variable, and one or moreindependent, or
right hand variables, plusaresidual disturbance term
to alow for random influences.

A graph of datapairswith observationsof onevariable

aong the horizontal axisand observations on the other
aong thevertical axis.
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7.2 Bivariatedataexploration

Now take two of the disk series, say an individual stock of your choice (call it y)
and the market (call it x). We are going to explore some measures of association
between them. Asin classical statistics, it is convenient to imagine that the 59
observationsform asamplefrom some stationary bivariate distribution, so we shall
use the sample versions of the various estimators, which you will recall typically
have N-1 rather than N in the denominators, at least for second order variational
measures.

Beforewe go further, abit of dataexploration in theform of a scatter diagram may
be helpful.

Copy your data on the “Market Returns” from column B of your open Excel
worksheet into another free zone on your worksheet, hitting the paste button when
you have run the cell pointer acrossto, say, cell [BA2]. Copy datafrom column C
(IBM Ltd), pasting it into cell [BB2] on down, so that it liesdirectly to the right of
the market returnsdata. In cell [BA1], typetheword Market; in cell [BB1], type
IBM. Employing the Excel Chart Wizard, we will incorporate this newly isolated
data into a scatter diagram, which has the market on the horizontal and the IBM
stock onthevertical. Theindividual pointswill appear as small diamond shapes.

Example 7.1

Movethe cell pointer to the point where you want your graph, for instance
cell [BC2], and with the mouse pointer click on the Chart Wzard buttonin
the standard tool bar to bring up thefirst of fivedialog boxes. (Alternatively,
from the menu bar, select Insert, Chart..., and proceed as follows.)

Step 1: Click onthe XY Scatter Diagram to select the Chart Type. Then
select the first format for the XY Scatter Chart (which has no
connecting lines between the data points), and click on [Next>].

Step2: Click on cell [$BA$1] and holding down the left button of the
mouse, drag to cell [$BB$60] to define the data range for your
graph. (Or simply type the range with a colon between the start
and end points, but note that the range should be specified with
absolute addresses.) Check that the “Data series in:” shows as
Columns. Click on [Next>].
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Step 3: A sample chart is displayed on the screen, along with the “ Chart
Options’ dialog box. Under the Titlestab, for Chart Title:, typein
a suitable heading such as: IBM Ltd vs. Market Return.

For Value (X) Axis, type: Market Return. For the Value [Y]
AXis, type: IBM.

Pressthe “Legend” tab, and click on the Show legend tick box to
remove the tick (thereby removing the default legend). Click n
[Next>].

Step 4: For chart location, select to place the chart as object in the current
worksheet. Then click [Finish].

The scatter chart appears, spreading to the east and south of cell [BC1].
It may appear rather squashed, but this can be adjusted by clicking on the
appropriate border and dragging the small black box to the desired |ocation.
You may find it necessary to drag the lower border down a number of
lines, making the chart look tall and skinny. Then, to give the chart a
dlightly more normal-looking shape, customizethe vertical axisas described
below.

Customized axis

Left click on the Y -axisto select it, making sure that Excel has indicated
its selection with the message “Value (Y) axis.” Thenright click with the
Y -axis selected to call up the Format Axis dialog box. Choose the Scale
options. Adjust the minimum to -0.25 and the maximum to 0.35, and click
[OK]. Equalizing the horizontal and vertical scale of the diagram (so that
ameasure of 0.05 on the horizontal axisisthe same distance as ameasure
of 0.05 on the vertical axis) will make your graph easier to read. Thiscan
be achieved using click and drag adjustments on the borders. Figure 7.1a
isthe resulting scatter diagram.
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IBM

IBM vs Market Return

‘ .
-0.2 -0.15 -0.1 -0.05 D .05 0.1 0.15

*
o
©
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Uz

Market Return

Figure 7.1a Scatter diagram of IBM against market returns
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Example 7.2

You can do a similar scatter chart for another stock—say, Wendy’s—
which residesin column P of your worksheet. Copy the datafor the market
into cell [BA64] and down, and the data in column P for Wendy’sin cell
[BB64] on down. Incell [BAGB3], typetheword Market; in cell [BB63],
type Wendys. Run the mouse pointer to cell [BC63] and click to anchor a
new scatter chart. Then proceed as above using the newly positioned
data.

Start by clicking on the Chart Wizard button and specifying the range
$BAS63:$BB$122. Thetitlefor the new chart could be“Wendy’svs. Market
Returns,” with “Wendy’s” on the y-axis and “Market Returns” on the x-
axis. Again, youwill probably find it hel pful to customizethey-axis, this
time by specifying aminimum of (-0.2) and amaximum of 0.3. You will
probably also wish to re-sizethe graph by dragging the bordersaswith the
previous scatter diagram. Figure 7.1b reproduces a scatter diagram for
Wendy'’s.

M odify and beautify

You might want to modify the chart title or axis |abels at some time after
the graph is constructed. For example, suppose you wish to alter thetitle
in the second chart above to “ Scatter Diagram: Wendy’s International vs.
Market.” Click (usingtheleft mouse button) ontheoriginal titleto highlight
it. Then click within thetitle after it ishighlighted and proceed to edit.

Other aspects of the graph presentation, such as borders and shading, may
also be changed through formatting. There are two main format sections
to your graph: the inner plot area which contains the graph itself, and the
outer chart areawhich holds the title and axis labels. To change either of
these zones, first click anywhere on the chart to select it.

If youwish to alter the plot area, left click within the plot areato highlight
it (Excel will signal with the indicator tag reading “Plot Ared’) and then
double click the left mouse button to activate the Format Plot Area dialog
box. (Rather than double clicking, you can right click and select Format
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Plot Area... instead.) You can then adjust either the border or the
background pattern of the plot areaviathe dialog box. To changethemain
chart area, left click in that section to highlight, and then double click to
activate the Format Chart Area dialog box. That takes care of
appearances.

Wendy's vs Market Return
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Market Return

Figure 7.1b Scatter diagram of Wendy’'s against market returns
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7.3 Regression statistics

Now think about thefollowing statistic:

Oy = Ni_lgwi-w(xi-i)

This is called the covariance between y and x; it is symmetric so that we could
havewrittenitaso, . Useof the N-1 rather than the N in the denominator means
that we arelooking upon it asasampl e estimate of a parent g, Sowe really should
write it as S, or something similar. However, the precise denominator turns out
not to matter in the present context.

The covariance is the sum of the deviations from the mean for each variable,
multiplied together. Suppose that positive deviations for y tend to be associated
with positive deviationsin x —in other words, when x is higher than usual, soisy.
Then the covariance will be positive. But if positive deviations in x tend to be
associated with negative deviationsiny, then g, <0.

By itsdlf, the covariance is not used much as an end product, but it is an essential
intermediate step for a number of statistics that are. Two such are as follows:

1. Thecorrelation coefficient:

Oyz

Oy 0y

Sometimes you will find this written as the uppercase R or asits square R? (See
Section 7.6).

2. Theregression coefficient of y on x:

2 (Y- M(x-%)

b:%_

7 Ykex)?
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The correlation coefficient is ameasure of the closeness of association betweeny
and x. More precisely, it measures the degree to which y can be explained as a
linear function of x. Thuswe could write something like the following:

For each observationi,
y, = o + Bx +¢g . 4

Here, y, would be explained in termsof alinear functioninx, whichisthefirst part
of theright hand side. The parameter a is called the intercept, the point where the
line crosses the vertical axis. The parameter 3 is called the slope, which measures
the steepness of the line. For example, B = 1 would mean that y changes one for
onewithx. Betacould benegative, in which casethelinewould slope downwards.
Figure7.2illustratesthisexample. Thelast component ontheright hand side of (4)
(theresidual €)) simply representstheideathat the proposed line does not fit exactly.
Ifitdid, for al intentsand purposes, y would just be arescal ed version of x—hardly
aseparate variable in its own right.

If the correl ation coefficient were one, then thelinewould indeed fit exactly. If the
correlation coefficient is zero, then theline—any line—issimply nohelp at al. If
inthelatter casewe plot the actual observationsof y against x asascatter diagram,
thenthe patternislikely to bejust ablob, with no structure. Actually, there could be
anon-linear structure to the relationship, but because the correlation coefficient is
just ameasure of linear associations, it would not pick this up.

The regression coefficient b is best regarded as a sampling estimate of the slope
coefficient 3. Technically, it isa special sort of estimate called the least squares
estimate. Thismeansthat to fit (4) to an observed scatter diagram, you could think
of it astrying various values of the 3’sand juggling them around to end up with the
values that minimize the squared sum of fitted residuals from the line(i.e. = 7).
AsyoucanseeinFigure7.2, lineA (i.e. a, ) isamuch better fit thanline B (a2,
3?). Thebestfitisgivenby 3 = b, theregression coefficient, with the estimate for
o defined by:

a=y-bx.

Incidentally, thisrelationship indicatesthat theline of best fit must passthrough the
sample mean point on the scatter diagram which is the point:

(v.%).
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N2
\vre)

observation i

X X

Figure 7.2 Regression line on a scatter diagram

Example 7.3

Can we do all of this with Excel? Of course! Let us continue with the
same data series that we used in Examples 7.1 and 7.2, namely IBM and
Wendy'’s. Ineach case, wewill employ the market return asthe associated
variablefor the purposes of regression and correlation examples. Actually,
we will seein Section 7.4 that as afinancial procedure, thisis not 100%
sensible, but we'll get to that in due course; for the moment our purposeis
purely illustrative.

The correlation coefficient tool isfound in the menu toolbar by clicking on
Tools, Data Analysis..., and then selecting Correlationfromthe“ Analysis
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tools’ box, and clicking [OK]. (If Data Analysis... does not show up, you
will need to select Tools, Add-Ins, and tick Analysis ToolPak, and click
on OK before proceeding with Example 7.3.)

Thisactionwill generate aCorrel ation dia og box for which you can nominate
the Input range [$BA$1:$BB$60], to use IBM and Market returns.

Theinput datais grouped by:

© Columns, with

v Labelsin First Row.

For output select:

© Output Range (as) $BW$2 andhit [OK].

To do theregression analysis, slide the cell pointer over to cell [CA2] and
in the menu toolbar click on Tools, Data Analysis..., and then select
Regression from the “ Analysistools’ box, and click on [OK].

To continue the analysis using IBM, nominate [$BB$1:$BB$60] as the
Input for the Y Range, and [$BA$1:$BA60] as Input for the X Range.
Then select thefollowing:

v Labels

For Output Options, select:

© Output Range $CAS$2

For Residuals, select:

v Redduas v LineFit Plots

Then click [OK].

The above regression analysis procedure will generate a set of statistics
and another scatter diagram with afitted regression line. For the moment,
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we will simply bypass commentary on the set of statistics that flashes up
—we will deal with these in the extended example of the next section.

Again, it may be necessary to tidy up the diagram by dragging on borders
and adjusting the scale on either axis. You might also wish to alter thelook
of the data points. To do so, left click on the plot area of the graph, and
then double click on a data point. This action will open up the Format
Data Point dialog box. Select Patterns to change the look of the set of
data points. If you have clicked on the predicted points, you can change
the shape, color and so forth of the fitted line. Or, by double clicking on
one of the“IBM” points, you can use the resulting dialog box to alter the
presentation of these points.

o)
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Market ¢ BM
M Predicted IBM
Figure 7.3a Fitted regression line for IBM on market returns
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Now try the above procedure on the Wendy’s data paired with the Market
Return. The resulting Excel graphs for IBM and Wendy’s are displayed
as Figures 7.3aand 7.3b.
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Market ¢ Wendy's
B Predicted Wendy's

Figure 7.3b Fitted regression line, Wendy’s on market returns

7.4 Moreregression theory: goodnessof fit

Referring back to the representation (4) of the regression model, one can estimate
the residual terms e corresponding to each observed x, y, as:

e = y - a-bx

where a, b are the least squares estimates.
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The sum of squares SSE = X e? is called the error sum of squares, and the
quantity
2
52. 2.8 _ SE

* T(N-2) (N-2) ©

is described as the fitted sigma squared. We subtract two (2) from N in the
denominator of (5), because we had to estimate two parameters, namely a and 3,
before we could calculate the statistic we are after. In statistics terminology, the
computation uses up two degrees of freedom. In Excel, the fitted sigma squared
isreferred to as the standard error, that is, the standard error of the equation as a
whole.

One can show that:

5-52 = (1_ rz)o-y2

Thismeans that the estimated error variance isjust that of the dependent variable,
reduced by the factor (1-r?). Youwill noticethat if r = 1, the sum of squares of the
residualsisjust zero, which can only betrueif each of theg, iszero. Thefitted line
isin fact a perfect fit, reinforcing an earlier remark to that effect.

Theregression parameter of primary interest isusually the slope parameter 3. The
OLS (ordinary least squares, which we have just calculated) estimator for 3 is
theregression coefficient b, computed automatically by the program. Becausebis
asample estimator, it has its own sampling distribution. If you knew the residual
variance o, you could compute the z score for your fitted value of the regression
coefficient. Usually, you don’t know ¢ and it hasto be estimated by the program,;
in this case, the z score is replaced by the t score and the probability tables are
those of the Student’st distribution. However, the statistic isformally the same.

A common null hypothesis is that the true slope 3 is zero — which is a way of
saying that the chosen right hand variable x (the explanatory variable) has no
effect on the dependent variabley. Inthiscase, thet scoreis simply the observed
regression coefficient b divided by the estimated sample standard deviation of b;
thelatter isprinted out by the program. Theresulting ratio isoftenloosely referred
toas “thetvaue.” You may recall from chapter 6 that thet distribution and tables
are dependent on the degrees of freedom. In the present context, these are taken
as the sample size less the number of primary regression parameters, of which
there are two here, a and 3. However, if the number of degrees of freedom is
greater than 50 or so, the z score and Normal table will do very well. A good rule
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of thumbisthat if the computed t score as produced by the program is greater than
2.00, itisinterpreted as rejecting a null hypothesis of “no effect” in favor of one
where there is an effect—that is, 3= 0.

You can try this process on our extended Examples 7.1 — 7.3 above. We shall not
do it here, because we will be showing it in a more interesting framework in the
next section.

7.5 TheCAPM beta

Now we are going to use the information above to do something useful—namely,
to fit CAPM betas for the stocks in the datafile. If you are not familiar with the
ideaof the CAPM beta, you could refer to most texts on investments, which would
provide extended coverage. For our purposeswe will assume that you have some
knowledgeinthisarea. (Thoughtheempirical treatment in many elementary texts
leaves something to be desired.)

First, some comments on notation. Remember that we have 14 stocks, so we will
now usetheindex i to refer to the representative stock. Sincewe are dealing with
observations in the form of time series, we will reserve the index t for the
representative observation (earlier we used i for this purpose, but here it is more
natural to reservethisfor theindividual stock). Our notation will be asfollows:

r,, = returnon stock i for month t

R, = return on the market for time't

r. = risk-free rate, which we shall take here as the one-month CD rate
Notethat the certificate of deposit (CD) rateisnot theideal thing to usefor therisk
freerate; even short dated CDs are not technically “free” either of credit risk or of
interest rate risk. However, the existence of deposit insurance reduces credit risk,
so wewill stick with what isavailable.
The CAPM, in the form we need it, takes the form of two equations:
r.=o, +BR + g (6a)

it

for each stock i, and:

I"li,t = B + Bu( I"I'R,t - pt) (Gb)

189




Financial Modeling for Managers Part I1l. Statistical Analysis and Probability Processes

Equation (6a) assumes that for each stock i, thereisalinear relationship between
the stock and the market. The parameter 3 is the theoretical regression (slope)
coefficient, and thisis supposed to be constant over the period of the sample—you
will notethat it does not depend on thetimeindex t. Onthe other hand, theintercept
termin (6a) cannot be independent of time. We shall see why in a moment.

Equation (6b) isthe core of the CAPM hypothesis. It saysthat if thereisalinear
association such as the one represented in the first equation, then the stocks must
trade so that their expected return i, = E 1, at the start of period t bears a
particular relationship to the expected return on the market |1, =ER,, again as of
timet. The expectations are dependent on information assumed to be available at
the beginning of period t to investors. Note that this will include the value of p,
whichisby definition known as of that instant —otherwiseit would hardly be arisk-
freerate. All thisemphasizesthat the distributionsinwhichthe CAPM iscouched
are essentially conditional probability distributions — conditional, that is, on
information presumed to be available to the investor at the start of timet. (The
notion of conditionality ishighly important in finance and wewill comeback toitin
the next chapter).

According to the CAPM, the betafrom the regression, which is Equation (6a), gets
transferred through to the conditional expectation of the return, which is Equation
(6b). If we take expectations of both sides of the regression relationship (6a), the
conditional expectation of the residual termis zero, so we have:

e = ay Bk, (69

Now you can use (6b) and (6c) to find that:

a, = (1-B)p, (6d)

You can see why we could not specify that the parameters of the regression (6a)
could both be constant, independent of time. 1t's OK for the beta but not for the
apha. Thisisalsowhy you cannot estimate 3, as the simple regression coefficient
of the stock on the market, which isamistakethat is often made. Notice, however,
that if you substitute (6d) in (6a), you end up with:

e Py = Bi ( Rt - pt) (7)
This means that you can estimate the betas by regressing the excess returnsr, , -

p, on the market excessreturn R - p, . However, you should do so without an
intercept term. Equation (7) is the time series equation of the CAPM.
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Example 7.4

So let’s put thisinto action. We have picked General Motors (GM) as our
first stock. First we have to create new variables by subtracting off the
risk-freerate (one-month CD rate) from both the GM return and the market.

For this section, it will prove helpful to create a new worksheet to hold
data, and new calculations and graphs. Run the mouse pointer up to the
menu toolbar and select Insert, Worksheet. To clearly label the new
worksheet so that its contents are obvious at a glance, it could be given a
more descriptive name than “Sheet 2.” From the menu toolbar, select
Format, Sheet, Rename... and type, say, BETAS into the “Name” box.
Then click on [OK]. It would also make things clearer at this point to
rename the original Sheet 1 with a suitable title such as “RETURNS.”
Click onthe* Sheet 1" tab at the bottom left of thework fileto returnto the
original worksheet. Then follow the above procedure (Format, Sheet,
Rename... ) to give this worksheet the name RETURNS.

Our first task will be to subtract the risk-free rate for the appropriate time
period from each of the market returns and stock observations, and bring
this adjusted data onto the BETAS worksheet. Hereis an easy way to do
0.

Starting in cell [A2] of the BETAS shest, type the character = and then
click onthe RETURNS worksheet tab which appears at the bottom | eft of
the window (but don’t hit [Enter] at this stage). Now, in the RETURNS
worksheet, run the cell pointer to cell [B2], type - (the minussign), click
on [A2], and hit [Enter].

These steps will bring you back to cell [A2] of the BETAS sheet. In this
cell, you will now see the result of the subtraction operation you have
constructed: 0.030745. Intheformulabar, you will observethe expression
“=zRETURNSIB2-RETURNS!IA2.” Run the mouse up to the formula
bar, and click to theleft of the“A2.” Thentypea$in front of the“A2" to
make the column part of the address absolute (but not the row part). Hit
[Enter]. Next, copy the formulain this cell down to all the cells in the
column asfar as[A60]. You have just created a set of data which shows
the market return less the “risk-free rate” for 59 observations over time.
Now run the cell pointer up to cell [A1l], and type the label: M arket.
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Using the mouse pointer, with aclick and drag action, highlight the entire
set of 59 observationsin columnA. With theleft mouse button held down,
move the mouse to the very bottom right hand corner of the data so that it
shows as a small black cross and drag across to column P. You will now
have afull set of market returns, individual stock returns, and bond returns
from which the appropriate CD rate has been subtracted. These represent
our approximation of the excess return over the “risk-free rate” for each
observation.

The scatter diagram of the excess returns on General M otors versus those
of the market is shown as the black diamonds of Figure 7.4. Clearly there
isaline of best fit, and its slope looks to be roughly one.

Now wefollow the proceduresfor regression analysis. Slidethecell pointer
over to cell [A1] and in the menu toolbar click on Tools, Data Analysis...,
and then select Regression from the “Analysis tools’ box, and click on
[OK].

To continue the analysis using General Motors, nominate [$C$1:$C$60]
asthelnput for theY Range, and [$A$1:$A$60] as Input for the X Range.
Then select thefollowing:

v Labels

For Output Options, select:

© Output Range (and specify an area clear of the data, such as $T$1).
For Residuals, select:

v Residuals v LineFitPlots

Then click [OK].

Youwill find agreat deal of output, some of which has been reproduced on
thefollowing pageas Table 7.1
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Table 7.1: Selected regression output, General Motors and CAPM

SUMMARY OUTPUT
Regression Statistics

Multiple R 0.525975316
R Square 0.276650033
Adjusted R
Square 0.263959683
Standard Error 0.08273044
Observations 59
ANOVA

df SS MS F Significance F
Regression 1 0.149206514 0.1492065 21.800031 1.88381E-05
Residual 57 0.390126564 0.0068443
Total 58 0.539333078

Coefficients Standard Error  t Stat P-value  Lower 95%  Upper 95%

Intercept -0.00424123  0.01105167 -0.3837637 0.7025814 -0.02637183 0.0178894
Market 1.089388768 0.233321272 4.6690504 1.884E-05 0.62217078 1.5566068

RESIDUAL OUTPUT

Observation  Predicted GM

Residuals

0.029251947

-0.004755
-0.09636927
-0.0145354
-0.06746167
0.056926898
-0.02700902
0.016865913
-0.03294481
10 -0.04229266
11 0.101770777
12 -0.03481739
13 -0.06383463
14 0.054088916
15 0.012629996
16 0.060184641
17 -0.03904002

©oO~NOUAWNE

0.020112501
0.028288839
-0.104268423
-0.035153698
-0.009433566
0.175803676
0.002158509
-0.20023494
-0.212783954
0.167768536
-0.018036883
-0.01969153
0.167391052
-0.07439996
0.037572439
0.054513584
-0.015402437

Among the useful elementsin Table 7.1, at |east for our current purposes

arethefollowing:

1. Thefitted betahasvalue 1.089. Itsstandard error is0.233 or something
closetothat. Thetvalueis4.669; you will recall that thisisreally the
t score for testing the null hypothesis of no effect (i.e. B = 0), and the
rule of thumb that at value greater than 2.0 in absolute value means
wergject the null hypothesis. Sothebetaisclearly significantly different

from zero.
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You could form thet score against anull hypothesisthat the true value
of betais 1.0. Thet score would then be:

t = (1.089-1.0)/0.233 = 0.38192

Sincethisislessthan the benchmark critical point of 2.00for 57 degrees
of freedom, we can accept the hypothesisthat the true betais equal to
one. If you formulate the test as a so-called one-tailed test, where
the only allowable alternative hypothesis is that beta is greater than
one, then the corresponding critical valuefor thet distribution reduces
to 1.67, rather than 2.00. Because our t value is less than this, we
would reject the alternative that beta was greater than one. Things
become alittle less distinct in cases where there are marginal values.

2. Theintercept — the value of apha—is-0.004. You can test the null
hypothesisthat it isequal to zero—asthe CAPM predicts—by forming
itsown t score. Thisis done automatically by the program to give at
value of -0.384, which is not significantly different from zero. Thus
thisfits, so to speak, with the CAPM.

3. Ther statisticis printed out as“multiple R.” We'll explain what this
means in the next section, but here it can be taken asther value, and
is0.526. The corresponding r2 = 0.277, which means that 28% of the
variationin General Mators' excessreturnsisexplained by the market.

4. Theestimated value of the standard error (which appears asthe square
root of the variance) is g, = 0.083.

Figure 7.4 below plots the scatter diagram of the excess returns, with
General Motors on the vertical axisand the market on the horizontal. The
fitted lineisalso shown.

Don't bother too much about the rest of the output. Anovais a measure of
whether therelationship asawholeisstatistically significant. Inthe present
case, theonly right hand variableisthe market return, and itst valuewill do
for our purposes. The program also printsthefitted residuals. It isagood
ideato plot them against timeto see whether thereis sometemporal pattern.
The existence of such a pattern might mitigate the view that the residuals
forming the fitted relationship are purely random. In more advanced
treatments, there are formal testsfor the existence of temporal relationship
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among the residuals, such as the Durbin Watson test, but this is a little
beyond our scope here.

Overal, it appears that the CAPM does well, at least so far as GM is
concerned. The value of betaas abit greater than one indicates aslightly
aggressive stock. Thisismore or less aswe might expect, because GM is
acar producer and might be expected to vary procyclically with the general
business cycle and through this, with the market return index.

o)
&

0.2 +

GM

0.15

* & GM
M Predicted GM

02
U

Market

Figure 7.4 CAPM graphics — GM against the market
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Try some or al of the other stocks. What about Praxair or Wendy'’s, for
instance? Can you rationalize the betas you get for these companies?

One fina point: If the CAPM relationship specifies no intercept — and
Equation (7) does not have one — then you should fit the equation by
suppressing theintercept. Of course, we did have an intercept in the GM
case, which is standard, but it came out as statistically insignificant
nonethel ess, just aswewould hope. However, it isnot sufficient to regard
the fitted slope parameter from such an equation as the beta. We really
have to fit the whole equation without the intercept, and then look at the
fitted slope parameter. This can be done as follows.

Follow the usual procedurefor performing regression analysison Excel, as
described in Examples 7.3 and 7.4, with one small difference. Having
selected regression from the Analysis tools and specified the Y Range
and the X Range, select:

v Labels, asusual, but in addition, select:
v Constant is zero.

Continue with your standard selection of the output options and residuals,
and then click [OK]. Your resulting regression line will beforced through
theorigin. If you dothisfor the GM excessreturns dataagainst the market,
your output will change by asmall amount. Try it and see.

7.6 Regression extensions: multipleregression

Supposewethought that variationsin stock returns might be explicablein termsnot
only of the stock market as awhole, but also of influences from outside the stock
market. Infinancia general equilibrium jargon, we could say that the stock market
did not span the systematic sources of influence on stock returns. For instance, we
might decide that there are two factors that affecting stock returns. One might be
agenera factor just for stocks. The other might be a factor that comes over from
another market, such as the bond market. Or it could be an exchange rate factor,
representing external influences on our chosen stock or set of stocks. Since we
have data for the bond returns, we can investigate this.
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We might set up the following extended version of the CAPM equation:

e~ P = Bi(Rt_pt) +yi(rb,t-pt)+si,t )

Here, everythingismoreor less as before, except that we have added an additional
excess return in bonds. Again, we could include an intercept, just for the sake of
testing whether itiszero asrequired by the CAPM. Thisextended model isactually
similar to something called the APT model, but it's unnecessary to develop the
comparison here.

From theinterpretive point of view, the coefficient 3, measures the marginal effect
on the subject stock # i, of an increase in the market excess return. The other
variable—namely, the bond excess return—is imagined to be held constant.
Likewise, the parameter y, gives the marginal effect of an increase in the bond
excessreturn. Collectively, thetwo excessreturn variables on theright side of the
regression equation are called the independent variables, while the left hand
variable (in this case our stock excess return) is caled the dependent variable.

Theleast squarestheory wedescribed earlier carriesover amost entirely unchanged
tothestatistical fitting of the multiple regression model (8). For each chosen stock
I, the program will compute the estimated parameters 3, y; that minimize the sum
of the squared residuals. The program will print out the estimated parameters
together with their estimated sample standard deviations.

In place of the correlation coefficient as a measure of the goodness of thefit, isa
more general statistic called the multiple correlation coefficient, conventionally
denoted R or R2. It has asimilar interpretation in terms of the percentage of the
variance in the dependent variable collectively explained by the independent
variables, and lies between zero and one, the latter indicating aperfect fit. Thereis
now an additional measure called the corrected R square, which is a somewhat
artificial way of allowing for thefact that the moreright hand variablesyou add, the
moreyou automatically increase the closeness of fit—that isyou diminish theresidual

variance. Since this is an artifice of more variables, there should be a way of

discounting thissort of “buckshot” approach, and thisiswhat the corrected Risall

about — it penalizesthe observed fit of the relationship to compensate for the number
of right hand variables added.

Finally, you can test the fitted coefficients as before, using the t score, or if the

number of degrees of freedom is fairly large, using the z score and the standard
Normal table. The degrees of freedom are equal to the number of observations
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less the number of right hand parameters. Thus, for two right hand regressors,
there are three right hand parameters (the intercept as well as the two slope
parameters), and the degrees of freedom are N - 3.

Example 7.5

Let'stry it. To perform amultiple regression using Excel, the datafor the
independent variables must sit in contiguous columns. This meansit will
be necessary to copy the “market returns’ datainto a new column next to
the US Govt bond datain column P. With the cell pointer on [Q1], type:
=Alintothecell. Then copy cell [Q1] all theway down the Q column as
far as cell [Q60]. (Make afew random checks to see that the datais the
sameasthatin columnA.) Your dataisnow set up for multipleregression.

Onceagain, slidethe cell pointer over to cell [C1] and in the menu tool bar,
click on Tools, Data Analysis..., and then select Regression from the
“Analysistools’ box, and click on [OK].

If you are using GM, nominate [$C$1:$C$60] as the Input for the Y
Range, and [$P$1:$Q$60] as Input for the X Range. Then select the
fallowing:

v Labels

For Output Options, select:

o Output Range  (and specify an area clear of the data,
such as $T$95)

For Residuals, select:
v Residuals v LineFitPlots

And click [OK].
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Table 7.2 Multiple regression output for General Motors

SUMMARY OUTPUT

Regression Statistics

Multiple R 0.532882707
R Square 0.28396398
Adjusted R
Square 0.258391265
Standard Error 0.083042793
Observations 59
ANOVA
df SS MS F Significance F

Regression 2 0.153151167 0.0765756 11.104178 8.67314E-05
Residual 56 0.386181911 0.0068961
Total 58 0.539333078

Coefficients Standard Error t Stat P-value  Lower 95% Upper 95%
Intercept -0.00488087 0.011125588 -0.4387069 0.6625619 -0.02716809 0.0174063
Bond 0.383079606 0.506508296 0.7563146 0.4526307 -0.63157776  1.397737
Market 1.094071078 0.234284002 4.6698497 1.929E-05 0.624744137  1.563398
Results

Table 7.2 represents an edited version of the Excel output for GM as
dependent variable against the ten-year treasury bond return and the market
return as independent variables, in each case measured as excess returns
relative to the bill rate. You will see that once the market return is there,
the bond rate adds very little. Itst value against the zero alternative is
statistically insignificant. The multiple R? goodness of fit statisticis only
marginally better than the earlier r?2 we estimated from the market return
aone. Thus, the fixed interest market in the US appears to add little, if
anything, to the explanation of variation in common stock returns, at |east

for GM.
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Exercises

N

Do scatter diagrams for the following (the first variable named should be on
thevertical axis):

(i) Bond returns versus CD returns.

(if) Bond returns versus stock market returns (the S& PS00).

(ili) Stock market returns versus CD returns.

Which of the various pairs appears to be the best fit?
How can you explain different slopes between the diagrams?

(a) How might regression techniques be used for purposes of prediction?

(b) If you use regression models for this purpose, what are the likely sources
of error inyour forecast? Assumethat you havetofirst fit the model off an
initial sample period.

Aptitude test: Can you be a stock analyst?

(a) Look at thecompany namesassociated with thedatain thedatefile. Bearing
in mind what you know about the way that stock returnsvary according to
the cyclicity of the stock (e.g. whether the stock varies with the general
market, and if so, whether “more so0”), give the companies a provisional
ranking asto whereyou think their betaswould be, relativeto one another.
(To use the appropriate terminology, b>1 issaid to be an “aggressive”
stock, and b<1 a“defensive” one.)

(b) Check your economic intuition by actually computing the time series beta
for each of the stocks given inthe datafile. List the betasin ascending or
descending order, and see how closely this correspondswith your a priori
gut feeling about them.

(Of course, to be agood stock analyst, you also have to be able to constantly
change your mind without batting an eye!)

AsaCAPM exercise, you can take a different tack and look at the betafor the
government bond index against the share market. Theory suggests that at
least for apure discount bond, there should be such abeta. You could certainly
try to compute abeta for bonds overall, against the stock market, using the
data from the web site. Thus, get the excess return by subtracting the CD
returns off the bond returns and regress this on the market excessreturn. Is
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the bond betagreater or lessthan one, and how might thistiein with your prior
expectations?

The ordered mean difference (OMD) was developed* as atechniquein
performance measurement that measures how well a given fund’s return does
against abenchmark return. Essentialy, it captures the insight of the song
“Whatever you can do, | can do better,” from Rodgers and Hammerstein's
Annie Get Your Gun (Feel free to hum along.) The following Excel exercise
utilizesthe menu tools and wizards.

(i) Take one of the stocksin the disk. Tabulate the returns on the stock
together with the return on the market at the same date. Now reorder
the observations according to increasing values of the benchmark. Next,
compute the running mean of the differences, which isthe progressive
moving average as you move down. The table below illustrates the
calculation. You end up with afunction that you can plot against the
benchmark return (OMD as a function of R).

(if) If the OMD function lieswholly above the horizontal axis (all valuesare
positive) thismeansthat your chosen stock (or fund, etc.) isdominant over
the benchmark (market, in this case). Sell the market and buy the stock.
More commonly, in agroup of stocks (such asthe ones on your data disk)
some will have OMD schedules that slope upwards (aggressive) others
that slope downwards (defensive). If the CAPM hypothesisis correct, all
should cross the horizontal axis at the same point. Test the CAPM using
the stocks from your data disk by plotting all their OMD schedules on the
same diagram.

Table 1 Sample OMD calculation

r values R values Reordered by R running mean difference

r R r-R OMD
0.032 0.011 -0.021 -0.045 0.024 0.024
0.048 0.047 -0.026 -0.030 0.004 0.014
0.028 0.018 0.004 -0.005 0.009 0.012
0.004 -0.005 0.017 0.001 0.016 0.013
0.027 0.008 0.027 0.008 0.019 0.014
-0.026 -0.030 0.032 0.011 0.021 0.016
-0.021 -0.045 0.028 0.018 0.010 0.015
0.017 0.001 0.048 0.047 0.001 0.013

* Bowden, R.J. (2000), “ The ordered mean difference asaportfolio performance measure,” Journal of Empirical Finance, 7, 195-

223.
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Introduction to Stochastic Processes

Most variablesthat we deal with in finance have some sort of timedimension. For
example, think of stock prices, bond prices, or interest rates. In making any sort of
portfolio or risk management decision, the essence of the matter iswhat the current
values are and what they are likely to be in the next period or at the end of the
decision horizon. Thus, there are at least two random variables to consider: the
value of our stock price now (or whatever the asset), and its value in the future.
Onecould usethe same name, for example“ S’ for the stock price, and two different
time suffixes, such ast and t+1so that the two random variablesare S and S, . If
you think about it, the information that you use for your guessing game about S,
would certainly include past valuessuch as S, S, |, S, and so on. In other words,
wearedealing with apotentially infinite set of random variables—the values of the
stock price at all times past, present and future. A stochastic processis the name
givento such aninfinite set of random variables, with timeforming theindexing set
with representative element t. Moreover, time can be treated as a continuous
element, which turns out to be very convenient.

Stochastic processes form the underlying mathematical framework of modern
finance. Inthischapter, weaimto giveyou anideaof the nature of thisframework
without delving too deeply into the mathematical subtleties, which at times can
become very complex. We shall draw your attention to some of the applications—
and thejargon—so that you' [I have someideaof what the quants are talking about.
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8.1 Notation and definitions

ARCH

Drift

Implied volatility

Ito process

Martingale

Random walk

Stochastic process

Stochastic variable

An econometric model for moving volatility, that says the
current volatility isafunction of the past volatility plusthe
absolutevalue of theequation error or disturbancethisperiod.

The expected value of the changein avariable, conditional
upon past information, appearing asthe meantermin an Ito
process.

Thevolatility (o) obtained when the market price of an option
isset equal to the price given by a particular option-pricing
mode!.

A model ininstantaneoustimethat explainsthe change of a
variablein termsof amean (or drift) term, possibly changing
in time, and a purely random effect (the volatility term)
generated by anormally distributed innovation or white noise
process.

A stochastic process in which the expected value of the
future value of the variable, given all past and current
information, issmply equal toitscurrent value. On average,
thevariable staysthe same, though its variance can explode.

Special case of a martingale in which the random effects
have the same distribution through time, so one can write
the current value of the variable as equal to the immediate
past value plus a noise term of zero expectation.

A sequence of random variables, usually referring to
successive values of the same named variable, and assumed
to obey some sort of causal law connecting the values in
successive periods.

Another name for arandom variable, one whose values as
of any future point in time are not known now.
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8.2 Expectations

Oneisaccustomed to see surveys of consumer “ expectations’ and thelike, but the
word will be used in a more precise sense here. The expectation of a random
variable meansits mathematical expectation, whichissimply itsarithmetic mean.
Thus, if x is arandom variable representing the value of a magnitude x at timet,
we write its mean as E[x ], or just E x, for short.

We already have arough idea of the mean from Chapter 6. The arithmetic mean
of arandom variable is the average value obtained by the sum of the possible
values, each weighted by the frequency, or probability, attached toit. Inthe context
of a stochastic process, the mean E x, at time t represents the unconditional
expectation of x at time t. Image that there is a glorious time machine that
enables you to rewind and repeat the whole history of stock market prices, over
and over again. Eachtimeyou do it, there is some randomization device that says
that you get a new time path (called a sample function in the literature). The
averageat any specifictimet of all suchrealized valuesisthe unconditional expected
value at timet.

You might think that all thisbusiness of imagining re-runsisacademic, becauseitis
an inescapable part of our human condition that we cannot re-run time. And you
would be right — the unconditional expectation plays only a very limited role in
financial mathematics. Indeed, many of the models used to generate prices and
interest rates do not result in a finite unconditional expectation, so that the
unconditional expectation doesnot even exist.

A more informative approach would be to ask the following: Suppose that | know
that the stock price of a given stock yesterday was $10. Would this affect my
expectation of where the stock price tomorrow would be? Obviously, the answer
isyes. Knowing today’s stock price isimportant information that conditions my
probability assessments of the value of tomorrow’s. Of course, there might be
other information available today that also affects my probability assessments of
tomorrow’sstock price—I might have learned that the NAPM (National Association
of Purchasing Managers) index has turned downwards. | might therefore extend
theinformation set |, availableto metoday to include the state of the NAPM index,
aswell as yesterday’s price, and clearly, both are useful in predicting tomorrow’s
stock price. One could regard the unconditional expectation of the stock price as
the mean, with no information of any kind available. But if there is information
available, one could assert that in general,

ES, |l # ES

+1 t +1

205




Financial Modeling for Managers Part Ill. Statistical Analysis and Probability Proccess

The vertical bar isthe conditioning sign. It says that the mean is conditioned by
knowing theinformation that appears after bar. If theinformation set comprised S
and M_, the latter representing the state of the NAPM index, one could write the
conditional expectationasES_, |S M ..

The conditional mean, or conditional expectation, playsthe central rolein much of
finance theory — and also in practice, as the extended example in the next section
will show.

8.3 Hedging

Asyou know by now, hedging refersto minimizing the variation in the value of a
given portfolio. For instance, if you have a receivable at the end of the coming
period that is denominated in Canadian dollars (CAD), you might decide that you
don’t want the currency exposure. You augment theimplied portfolio of CAD with
aforward positionin CAD, that precisely cancels out the exposure, minimizing —
right down to zero — the variation in the value of your portfolio in US dollars.
Similarly, if you have an exposure to the price of fine wool, you might want to
augment it with wool futures. Inthefirst case, you can reduce the exposure right
down to zero. In the second case you can't, because wool futures are based on a
composite grade and the price of the futures contract will not track precisely along
with the price of finewool. Inthelatter case, one would say that thereis residual
basisrisk. We can also say that basis risk means that hedging is imperfect.

Suppose that your exposureisto an asset of value 'Y, and you have another asset of
current value X available as a hedging instrument. The latter is not a perfect
hedge. However, you do know that changes in their values are linearly related.
Thus, thefollowing would hold for any periodt.

Let: 'y =Y,-Y_, (changeinY ,thepositionvaue)
X, = X, -X_ (changeinX ,the hedgeinstrument value )
then: 'y, = Bx, + g (D)

Weare specifying that Ey, |x, = Bx.. Inother words, once | know x, my expectation
of y.isequal to Bx.. Thismeansthat Ee, [x = 0. Theterm ¢ represents arandom
disturbancethat separatesy, from x,, because otherwise, the two would be essentially
indistinguishable. One would simply be a rescaled version of the other. The
disturbance has the property that knowing x, provides no information about €, so
that the latter can be regarded as irreducible variation in y, relative to x.
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In the context of hedging, imaginethat we are at timet looking ahead totimet + 1.
Our exposureisto the changey,,, inthe position Y. We have ahedging instrument
X available whose changeinvauex,, attimet + 1isalso unknown at timet. But
we can nonetheless use it to hedge the unknown changey,,,, taking advantage of

therelationship (1).

To set thisup, to my existing exposure at timet of 1 unitlonginY let mego q units
short in X, which means a hegative position. The change in value in my hedged
position betweentimestandt+ 1is

Vt+1 = yt+1 - qXt+l

We need aloss function for the discrepancy. We shall use the mean sguare error
loss function, which is defined here as Ev,, % the expectation is once again
conditional on information available to us at time t, so that technically we realy
ought to write it as Ev,,?|l, . Note that while the loss function penalizes large
deviations, as we would expect, it is two sided, penalizing value gains as well as
value losses. The latter property is characteristic of pure hedging strategies. For
example, if you hedgewith futures, you can protect yourself against |osses but you
also dip out on potential gains. Pure hedging strategiesmay therefore be definedin

termsof position sterilization.

Now if weinsert (1) into thislossfunction, we get the minimand (that is, the value
wewishto minimize):

Evt+12||t = E [ (B B q) Xt+l + 8t+l ? |It

The problem isto choose g to minimize thisexpression. It iseasy to show that the
minimizing choiceisjust:

q=p

So the optimal hedge for every unit of exposurein Y isto go short 3 units of X.
When you do this, theirreducible residua MSE isjust 0> = E¢ . Thisisthe
basisrisk; we will see how to interpret it in the following example.

Now, how about the empirical implementation? Astute readers will have noted
that Equation (1) looksvery much like aregression equation, and soitis. We have
in effect shown that the best hedge, with the M SE loss function, isderived interms
of the regression equation of the variable or position to be hedged upon the hedge
instrument. Infact, the optimum hedgeisawaysthe conditional expectation of the
thing to be hedged, given the hedge instrument, and OL S regressions are a means
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of identifying the conditional expectation. Thenyou just usethefitted coefficients
to derivethe hedge portfolio. Finaly, theregression estimate of theresidual variance
gives us the minimum residual M SE, in the sense that its square root will give us
one standard deviation of the likely monetary loss remaining after the hedge. Note
that as aregression property,g,> < oyz , which means that the hedged varianceis
aways less than the variance of the unhedged position.

These principles can apply to other situations. For instance, you could think of
improving the goodness of fit by having a hedge comprised of two instruments
rather than just one. To guideyou to theright portfolio proportions, youwould do a
multiple regression of the (changesin the) position to be hedged on the changesin
the values of the two hedge instruments, as the independent variables in the
regression.

Here's an example of how it works:

Example 8.1

Metal and futures hedge

L et us suppose that you are working in the treasury of a major munitions
producer that usesinput of copper and lead for the manufacture of bullets,
shotgun cartridges and other purposes.

You have daily metals price data for the past few years. (You can find a
subsection of this data, as a file entitled “ copprlead.xls,” on the Authors
Academic Press website at www.AuthorsAP.com). The data includes
daily pricesof thefollowing:

1. Spot price of copper expressed in USD per ton

2. Futures price of copper (three-month contract) expressed in USD per
ton

3. Spot price of lead expressed in USD per ton

If you take alook at the data, you will seethat sometimesthe futures price
is above the physical price and sometimes the reverse is true. The
differential between thefuturesand the physical priceisgoverned by severa
things, including interest rates, cost of storage, commodity shortages, etc.*

* For awell-known case where these factors changed dramatically, see one of the many accounts of Metallgesellschaft,
such as Edwards, Franklin R, and Michael S. Canter “The collapse of Metallgesellschaft: unhedgeable risks, poor
hedging strategy, or just bad luck?’ Journal of Applied Corporate Finance, 8, 86-105.
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Your main exposureto pricerisk resultsfrom your need to purchase copper,
but you have some direct exposure to lead prices as well. While it is
possible to obtain both lead and copper futures for hedging purposes, the
relatively small amount of |ead that you buy makes the use of lead futures
problematic. Itisanuisanceto haveto undertakethe management, systems
development, input, and settlement of two different types of futurescontracts
in addition to the various dates for each contract. In view of this problem
you have decided to explore the possibility of using copper futuresfor the
hedging of both types of metal exposure.

Table 8.1 Regression output: ACopper on ACopper futures

SUMMARY OUTPUT

Regression Statistics

Multiple R 0.920276453
R Square 0.84690875
Adjusted R Square 0.846755198
Standard Error 17.37170699
Observations 999
ANOVA
df SS MS F Significance F
Regression 1 1664433.317 1664433 5515.456 0
Residual 997 300870.8751 301.7762
Total 998 1965304.192

Coefficients Standard Error  t Stat P-value  Lower 95%  Upper 95%
Intercept 0.097014977 0.549875199 0.176431 0.859991 -0.9820293 1.176059
Copper Futures 1.210385307 0.016297948 74.26611 0 1.178403127 1.242367

RESIDUAL OUTPUT

Observation Predicted Copper Residuals
-39.2211414 -23.7758586
-38.6813095 -12.5166905
86.1820388  -6.0820388
-37.5943835 1.7833835
-34.7766065  -8.4223935

abswNE

For thefirst part of theanalysis, you will need to find the number of copper
futures contracts required to hedge your copper exposure on a per ton
basis (assuming, for simplicity, that you hedge your requirements no more
than 90 daysin advance of the physical purchase). Notethat each contract
isfor five metric tons of copper. To solve this problem, you will start by
running aregression in Excel with the daily change in the price of copper
futures as your X input and the day to day change in the price of spot
copper astheY input. This has been run aready with 999 observations,
resulting in the output displayed Table 8.1 and Figure 8.1.
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Figure 8.1 ACopper spot regressed on ACopper futures

Asyou can seefrom Table 8.1, thereis clearly astrong linear relationship
(asyou would expect) between changesin the price of copper and that for
copper futures, as indicated by an R Square of 0.847. You can also see
how closely the observed points lie to the fitted line in Figure 8.1 below.
The regression coefficient of 1.21 tells usthat for each change per ton of
(USD) $1 in the price of copper futures, the spot price is expected to
change by (USD) $1.21. So for every ton of copper we wish to purchase
inthe coming quarter, we need to buy 1.21 tonsequivalent in copper futures
contracts. As a copper futures contract is for five metric tons, our
requirement for hedging a (metric) ton of copper will be:
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number of copper futures contracts = 1.135/ (5 tons) = 0.227

(abit less than %4 contract)

The Standard Error of 17.37 indicatesthat with 95% probability, we expect
to lose (or gain) no more than $34.74 per ton on our overnight hedging

strategy (2 x $17.37).

For the second part of the exercise, run another regression using the one-
day change in the price of lead as the X input and the one-day change in
the price of copper futuresasthe Y input. Again, how many copper futures

will you need?

Theresults of part two, using 999 observations, are given below as Table
8.2 showing the summary regression output, and Figure 8.2 showing a
scatter graph with fitted regression line.

Table 8.2 Regression output: ALead spot on ACopper futures

SUMMARY OUTPUT

Regression Statistics

Multiple R 0.884253491
R Square 0.781904237
Adjusted R Square 0.781685485
Standard Error 4254337127
Observations 999
ANOVA
df SS MS F Significance F
Regression 1 6469419.282 6469419 3574.386 0
Residual 997 1804508.624 1809.938
Total 998 8273927.906

Coefficients Standard Error  t Stat P-value  Lower 95%  Upper 95%

Intercept 0.465789518

1.34664629 0.345889 0.729499 -2.17679369 3.108373

Copper Futures 2.386289291 0.039913733 59.78617 0 2.30796482 2.464614

RESIDUAL OUTPUT

Observation  Predicted Lead

Residuals

-77.050432
-75.986147
170.183457
-73.843259
-68.287978
-26.511211
-77.358263

~No b wN R

-49.710768
-28.203553
-83.491557
18.085459
-48.714822
47.436711
12.239363
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An R Sguare this time of 0.78 again indicates a close relationship in the
overnight price changes, thistime between lead and copper futures. Given
a standard error of 42.54, our hedge will not be as safe as it was for
copper, but we can still use these contracts with 95% certainty that we
should not lose (or gain) on an overnight hedge more than $85.08 per ton of
lead hedged with copper futures (2 x $42.54). The regression coefficient
of 2.386 indicates that the per ton price of lead moves by $2.39 (in USD)
for each one dollar (USD) move in the price of copper futures. Hence, to
hedge our next quarter’s purchase of lead we have:

copper futures requirement = 2.386 x ¥/s = .4772 (about half a contract)
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Figure 8.2 A Lead spot regressed on A Copper futures
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8.4 Random walksand Ito processes.

Now we shall look at some of the modeling processes for financial variables.
Understanding something about the structure of these processes will help you to
comprehend the assumptions underlying derivatives pricing and we'll say alittle
more on that |ater.

From time to time, you may see claims that stock market prices follow random
walks. Theclaimitself isnot quite correct, even under the kind of assumptionsthat
the authors have in mind, but there is no doubt that random walk elements are
involved. Indeed, the ultimate building blocks of most financial processes are made
out of something very closely related, so random walks are a good place to start.

Consider the process (B,) which obeys the following recursion:

B, = B, + & 2
Thevalue of B at timet is obtained by adding the value at timet - 1 to arandom
variable e, for which all successive values are uncorrelated; in other words, €, ,

€., & .. are al independent of each other. These are often described as
innovations. Think of them as*news’ variables—newsisonly newsif each element
is unexpected, or could not be predicted from the previous elements. Sometimes
the €, is called a white noise series, because the series €, has no recognizable
structure, like static on aradio (asdistinct from music...though sometimesit'shard

to tell the differencel)

Asitsname suggests, arandom walk as defined in Equation (2) wandersaimlessly.
To get this period’s value, you simply take last period’s value and add something
completely random. Theresultisthat if you start at timet = 0, and keep doing this,
after some time, the possible values of B form a pattern that is ever more diffuse;
that is, the variance of B tends to infinity. After along time, you have no clue
wherethevaueof Bislikely tofal. Thisistechnically called the unit root property
and is an example of anonstationary series. Figure 8.3 illustrates.

Thisisan example of aprocess where there is no stationary distribution. You can
see thisintuitively. Suppose you started continuously generating values of B and
putting them in histogram-type relative frequency boxes. Because the process
continues to spread out — its variance expands forever — you would have to keep
adding histogram boxes at each end, collecting proportionately fewer and fewer in
any giveninterval.
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Figure 8.3 Random walk sample paths

A generdization of a random walk is a martingale. Thisis a process (using B
again) such that if | is an available information set at timet, then EB,, | |, = B,
. You can see that arandom walk is certainly a martingale, as the information set
availableat timet for the random walk would beimagined to include the value of B
at timet. Thus, to predict a martingale, the best you could do is use the current
value as a predictor. Therestisjust “news’ that you cannot predict.

Asmentioned above, it isoften supposed that under efficient markets, astock price
follows a random walk. The idea is that the existing stock price impounds all
available information, so isitself the best predictor of next period's stock price.
Thisishalf right. Thecorrect statementisthat if you plough back all dividendsand
other elementsto form an accumulation fund (see an investment text for adefinition),
then the successive values of this fund, discounted back to some starting point,
form amartingale (provided investors are risk neutral).

Now we go on a step further. Suppose we had a stock whose price S obeys the
following:

S.-S= HS+0Sg, ©

t+1 1

Let’sdo several thingswith thisequation. First, we would normalize the variance
of the (normally distributed) innovationsterms € to be unity. Then:
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() Theleft hand side is the change in the price of the stock.

(ii) Thefirstterm of theright hand sideisknown at timet, which we shall take here
asthe current time. It saysthat thereisa predictable component to the change
in the stock price, which corresponds to a percentage growth p. Thistermis
called the drift term of the process.

(iii) The second term on the right hand side contains the newsto transpire between
tand t + 1. We conventionally normalize the variance of the innovation itself
(that of €) to be unity. The term o then becomes the instantaneous standard
deviation of the random component of the proportional changein S. Itisaso
called the volatility.

Equation (3) could be rewritten as an equation in the proportional change:

As . U+ 0s,, , where AS _ S
S S

If you divide both sides of (3) through by S, as shown, then you can clearly seethat
the drift parameter p and the standard deviation parameter o refer to the
proportional changes. Now let’stake yet another step. We can think of a process
B, whoseincrements are equal to the giveninnovationsprocess, €. Thatis, AB, =
B, - B, =¢,, isasort of cumulated state of the world, the sum of all past news.

Then we can rewrite (3) as:
AS, = uS, +0SAB, (4)

Finally, convert to continuoustime by imagining that thetimeinterval sfor our discrete
time t process get smaller and smaller, and infinitesimal. As Appendix A5 on
calculus shows, we imagine that the finite increments AS are replaced by the
infinitesimal increments dS.. Inthiscase, (4) iswritten schematically in the form:

dS = uS§ + oS dB, (5)

The term p is called the instantaneous drift of the process S, while theterm o is
called the instantaneous volatility of the process. The process S, is an example of
an Ito process.

Equation (5) can also beread asfollows:
If weimaginethedivision of timeintoinfinitesimally small intervalst, t + dit,

then the conditional expectation of Sattimet + dt, giveninformation | available
at timet, isgiven schematically by:
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E(S.y -S)I I, = 1S, timestheinterval length dt

In other words:

ds) _
E——== udt .
S H

So | is the instantaneous expected rate of increase in the stock price.

Along with an instantaneous mean, the stock price Sat timet + dt will havean
instantaneousvariance. Inthiscase, thingsare constructed so that the variance
of the proportional changein Sisequal to o multiplied by theinterval length dt.

You can use this property to estimate 0®. Suppose your unit of time is one day.
Then the 0% is simply the variance of daily proportional changes in the physical.
Alternatively, if you assume the unit of time is one year, then 0? is the annual
variance. Because these are variances of proportional changes, the corresponding
standard deviation o comes out with the dimension of percentage. So if the time
periodisannual, the o isthe standard deviation of annualized proportional changes.
See Example 8.2 below.

Finaly, both 1 and o can depend on time, and even onthevalue S. For example,
we could specify:

b = k(S-S),

where S* is some constant value and K is a constant representing a speed of
adjustment. This sort of formulation is called an error adjustment mechanism. It
saysthat thereis sometarget level of the stock price S', and the stock price can be
expected to drift upwards if the current value is less than the target, or downward
if the current value is greater than the target. In addition, the second term on the
right hand sideisthe unforeseeablerandom volatility component, whichisessentialy
unpredictable.

Example 8.2

Example of an Ito process

Suppose a stock that pays no dividend has a volatility of 29% per annum
and an expected return of 12% per annum (by convention, we assume
continuous compounding). We shall operate with the year as the unit of
time. Sowecanset p=0.12and o =0.29. The Ito process for the stock
priceis:
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dS/S = 0.12dt +0.29dB

If Sisthe price of the stock at some point in time and AS is the increase
In the stock price over some small interval intime, AB = ¢4/ At , and

AS/S=0.12 At +0.29 v At

where € is a random drawing from a standardized normal distribution.
Consider At as aweek (7/365=.019178) and suppose that the beginning
stock price is $75.00. In summary, S = 75 and At = .019178. Thus the
changein Sis:

AS = 75(0.12x 0.019178 + .29x € x / .019178 )
or  AS=75x (0.00230 + € x .04016)
AS=0.1726 + € x 3.012

showing that the price increase can be regarded as a random drawing
fromanormal distribution with mean of $0.1726 (17.26 cents) and standard
deviation of $3.01.

8.5 How Ito processesare used

Ito processes of the kind we have just described are avital tool for theoreticiansin
deciding how to price derivatives correctly. Inthiscontext, to pricethingscorrectly
meansthat nobody can arbitrage against you by finding that you have systematically
under priced or overpriced the derivative you are offering or trading; therefore, we
refer to the process as finding a no-arbitrage price. The details are often highly
mathematical, soif your mathisabit incomplete, you may haveto skip thissubsection.

Thetypical sort of derivativeissomething likean option or aforward payoff maturing
at somedefinitetimet inthefuture. So at somefuturetimeT, it will have a payoff
that isaspecified function—say, g(S,)—of thefuture physical price S, at that time.
By the“physical” we mean what you are tying the derivative to — for examplethe
physical for stock optionsis the stock price, for bond options, it’s the bond price,
and soon. Inthecase of acall optionwith strike price X, for example, thefunction
gisdefined by:

/CW

{sT—x if S >X (6)

0, otherwise.
max (S, - X, 0)
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The payoff isapromiseto pay aformulaamount that is contingent upon whatever
the final physical price turns out to be. Attimet < T, such a promise will have a
market value, and thetrick isto find out just what it ought to be.

At first sight, this might appear to be like deciding how long isabit of string—the
promise could be worth anything, depending upon what people are willing to pay
for it, who isin the market, and so forth. However, thereis aunique correct price.
Thereasonisthat the derivative providesno new information. Itispurely apiggyback
instrument. Sinceit providesno new information, you ought to be ableto replicate
al its price movementsin the interim through to time T, by means of a positionin
the underlying physical, plus a risk-free asset such as a call account (often bonds
are considered an example of this, but we know by now that bonds are hardly risk-
freel). Itisthis principle that enables usto derive the equation that the derivative
price should satisfy, and, by solving that equation, the theoretical formulafor the
price of the derivative aswell.

Suppose that the current price of the option is some unknown function C of the
current stock price Sand timet.

Y, = C(S.,t). T (")
Accordingto aresult called Ito’slemma, you can say that Y, must itself obey an Ito
process, and you can specify what the mean (i.e. the drift term) of this process

must bein termsof the partial derivativesof thefunction C. (See Appendix A5 for
adiscussion of partial derivatives.)

Then you construct areplicating portfoliointerms of some—asyet to be determined
— portfolio amounts a, bt , S0 that:

Y. =3aS + bA, (8)

where A isthe price of the call account, anotional construct in which you assume
that $1 has been invested at t = 0, and allowed to accumulate at the risk free rate
until the chosen timet. In other words, with continuous time accumulation asin
chapter 2.4, A isequal to €', wherer isthe risk-free rate.

By matching up theamounts a, b, in (8) with the drift terminthe Ito processfor Y,
as derived from (7), you can write down a partial differential equation that the
unknown function C must satisfy. Thenyou add the terminal or boundary condition
(6), and—presto!—out comes the theoretical price of the option. It turns out that
this price depends on a number of factors: the current stock price S, the volatility
o of the Sprocess, theinterest rater, the strike price X, and thetimet, viathetime
to maturity.
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The Black-Scholes formula

The Black-Scholes model derives the following equation for the price ¢ of a call
option:

¢ =SN(d,) - Xe N(d,) 9)

where: N(d) isthe value of the Normal distribution function at thepointd; d=d, or
d,. The other symbols are defined as follows:

S current price of the underlying physical

X strike price of the option

T = timeto maturity

current risk-free interest rate

—:
I

CINEX)+ (r+ 22T
di = 0'\/? ’ (9a)

2
d, = '”(gx);(\;?a KL N (9b)

o = voldility of thephysica

You will noticein thisformulathat the price does not depend upon the mean . In
everyday language, investor expectations are irrelevant to the price of the option.
Thismay seem like a startling statement. However, itissimply areflection of the
fact that investor expectationsdo play arole, but only in the price of the underlying
physical. The option itself is purely a play on the physical, and the effects of
changing expectations can be hedged away by means of the corresponding effect
on the physical (the latter being the hedge).

However, this hedging process does not apply to the volatility o, which appears
unavoidably in the price of the option. You can see intuitively why this must be
true. Compare two call options, one with ahigh volatility and the other with low.
Supposethat the optionisacall option, whichiscurrently abit out of themoney. In
other words, the current physical price is dlightly less than the strike price of the
option, so you would get nothing if you decided to cash inyour chip at thispointin
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time. Of courseyou wouldn’t decide to cash in now anyway, because though your
chipisout of themoney right now, it could well beinthe money at sometimeinthe
future. Itisdefinitely worth something because of that possibility; hence, the option
priceisby no means zero. The option with ahigher volatility has more chance of
getting back in the money next period than doesthe onewith thelower volatility, so
it makes sense that it is worth more.

Nevertheless, you do haveto be ableto form an estimate of the physical’s volatility,
and we shall discuss this below. In the meantime, we note that if we knew what
the option was currently trading for, then we could use an equation such as (9) to
reversethe processand solvefor theimplied volatility in termsof the current price
of the option. This processis called backing out the implied volatility.

These days, theoreticians use a somewhat simpler approach, which is based on
converting the underlying process S, into adifferent world where everybody isrisk
neutral. In such aworld, all assets would have exactly the same expected return;
thiswould be the same astherisk-freerater. Here, you can pricethe derivative as
simply the mathematical expectation of the discounted value — at rate r — of its
terminal payoff. To computethat expectation, you usethetransformed Ito process—
that is, the version that would hold in arisk freeworld. Therearerulesthat enable
you to obtain the modified Ito process, which is called an equivalent martingale
process.

In practical terms, even the equations for the derivative price are usually rather
difficult to solve. The Black Scholes was an exception, though even this eluded
researchers for years. As a general procedure for other kinds of derivatives, or
other specificationsfor the driving physical price processes, solving for the options
price is often done numerically. This may be achieved by means of a number of
approaches. Oneisto approximate the Ito processin terms of asimpler Binomial
process. Inthisapproach, the possiblevariationin Sover avery short time period
fromttot+ Atisconstrained to just two possibilities: up acertain fixed magnitude,
or down a certain fixed magnitude. It turns out that you can approximate an Ito
process quite well by this method. Arriving at a solution can then be done by
means of discrete programming techniques.

From atrading point of view, everything changes once you have atechniquefor the
theoretically correct price. Theonly unknown parameter in the option priceis now
the volatility, 0. So deciding what it ought to be is essentially a guessing game.
First, one can get a handle on it from the historical record of the variance in the
physical prices—we’ll ook at thisin the next section. But on top of that, thereis
aways margin for decision as to what the correct volatility for the coming period
ought to be. So trading takes place on the basis of just such a guessing game; in

220




Chapter Eight. Introduction to Stochastic Processes

finance terminol ogy, we say the options market tendsto trade on volatility. Players
who write options have to think not only about hedging the dependence of the
option priceastheunderlying physical price changes (delta hedging), but also hedging
asthevolatility isjudged to be changing (vega or kappa hedging). Those who try
to make money out of options as an uncovered position will do it on the basis of
what they think are superior insights asto the s in the coming period — (these are
sometimes called vega plays and the practitioners vegamites). The term for the
activities we' ve been describing is volatility trading.

Example 8.3

Backing out implied volatility using Goal Seek
Inthisexamplewe shall first cal culate the Black Scholesoption pricefor a
call option on the S& P500 Index. Thenwe shall assume adifferent thought
experiment in which the option priceis set at a certain magnitude and we
find out what theimplied volatility must be. Todo this, weshall useavery
useful Excel capability called Goal Seek, which operates by adjusting one
of the cells to achieve the result that you want from a given formula.

Here is your base data, and cells we suggest you enter them into:

Data Item Value Cell address
Current SPI value 1234 C3
Annual Volatility 0.20 C4
60-day CD rate (annualized) 0.055 C5
S& P500 Divided yield 0.018 C6
Desired Maturity for option (in days) 60 C8
Strike price of option 1250 C9

(Sothiscall optionisjust abit out of the money, with noimmediate exercise
value.) You can enter suitable namesfor the above datain columnA, such
as“Current SPI” in[A3], and so on. Theunit of timewill beannual. The
maturity in annual terms will be T = C8/365 = 60/365. You can take the
instantaneous risk free rate r to be ssimply [C5] = 0.055.

Task 1: Calculating the Black Scholes price
Set aside cells[C11] and [C12] for d1 and d2 respectively. You will use

Formulas (9a) and (9b) to compute them. For the spot or current price S,
we do not use the current SPI value as it appears in [C3], because the
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Black Scholescall option price changesabit when the stock paysadividend.
You don't get the dividend until you have actually called the stock, sointhe
meantimethelack of dividend entitlement meansthat you have to discount
the current stock price (here the SPI), which does carry a dividend
entitlement, by thedividendyield. Thesimplest way of handling thisisto
calculate the value of Sas an intermediate valuein, say, cell [D10] as:

= C3*EXP(-C6* C8/365)

and then refer to [D10] when you enter Formula (9a). Note that we are
using continuous time discounting here.

When you enter the two formulasfor d1 and d2, it isalways useful to enter
the cell addressesfor theinput parametersrather than the valuesthemselves.
You will find the formula gets rather long for d1 in particular and you
would have to concentrate pretty hard! To make the whole process easier
for yourself, break the formula up into intermediate cal culations, placing
them in cells to the right of the main calculation, as we did above for the
valueof S. Watch that left hand and right hand brackets match in number,
and are entered in the right places.

When you have finished entering, the results should be d1 = - 0.04332 in
cell [C11],and d2 =- 0.12441 in cell [C12].

Next, enter the call price as calculated from Formula(9) in cell [C14]. You
will have to use normsdist() function from the Function Wizard (look in
Satistical), and in the brackets put the cell references [C11] for d1, and
[C12] for d2. Your final result should come out to $35.87 asthe call option
value.

Task 2: Backing out an implied volatility

Now suppose a dealer quoted us an option price of just $35.00. What
could you say about the value of thevolatility the dealer wasusing, assuming
that she is also using the Black Scholes formula, but is not using your
patented volatility estimation technique?

Cell [C14] isthecrux of your operation, which brings everything together.
Now suppose we put the result of this cell as 35.00, which means that the
entry in cell [C4] must be changed. You cantry fiddling around on this, but
it will take you quite some time to come up with exactly $35.00 as the
outcome.
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Goal Seek doesthe job automatically. Gointo Tools/Goal Seek, and three
options which require entries will pop up. You wish to set cell [C14] to
value 35.00 by changing cell [C4]. Once you've done this, the result is
produced: anannual volatility of 0.1956, or 19.56% appearingin cell [C4].
This makes sense—because the dealer is quoting a lower price, al else
being the same, she must be using alower volatility.

Don't delete your spreadsheet just yet. You can use it to do problem 5 at
the end of the chapter.

8.6 Volatility models

Theprevious section referred to theimportance of volatility estimation. The natural
starting point isthe historical record, evenif thetrader will subsequently adjust his
estimate upwards and downwards by ng the conditions likely to arise over
the coming pricinginterval.

A naiveestimate of historical volatility issimply thevariance of the historical series.
A common device is to recognize that volatility can change, but hopefully only
slowly, so you adopt amoving sample. Thus, if the seriesrecord is monthly over

the past 20 years, you could adopt a three-year frame, which would give you 36
observations, and move this along by one month at atime, so that the most recent
estimate would be based only on thelast 36 months. Therearelotsof variationson
this sort of approach.

A better approach is to combine modeling the conditional mean of the physical S
and the conditional variance. Indoing so, werecognizeexplicitly that thevolatility
that we need is what will transpire over the coming period, and this is always
conditional on the latest information that we have.
To follow this approach, we specify aregression equation. Schematically:2

S = u(pastS, other availablevariables; 3 ) + ¢ (10a)

plusavolatility equation: if Var (g )= o2,

o = f(pasto,g, ) (10b)

t

? Note that in wheat follows the innovation &, now has variance o?, rather than unity.
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Equation (10a) is called the mean equation, and in this context |1 isthe conditional
mean of S (rather than AS, ). The symbol p (....) isjust away of saying that the
conditional mean p is thought to depend upon a string of variables that are listed
inside the brackets, but that we have yet to specify the exact functional nature of
thedependence. It saysthat the physical priceisexplained intermsof the conditional
mean P (which is some function specified by the researcher of past information
and any other available variables.) For instance, if you have monthly data, the
mean could depend upon dummy or categorical variablesto represent the particul ar
month effect. For the definition of seasonal dummies, see an econometrics text.

Equation (10b) isthevariance equation, presented with the same generalized notation
explained above in connection with the mean. It specifies how the volatility isto
evolve. You will notice something about thisequation. Itisnot specified interms
of thingsthat can be directly observed. To get the o and €’sto put into (10b), you
haveto estimatethem from (10a). Moreprecisely, (10a) and (10b) must be estimated
jointly, and this can certainly be done.

Different approaches specify the functions 1 (.) and f (.) in different ways. A
popular approach is based on the ARCH family, or Auto Regressive Conditional
Heteroscedascity. (You can see why the acronym is used!) Since its original
development by Robert Engle in 19822 various sons and daughters have been
developed (GARCH. MGARCH, IGARCH — AAAARGH!), none of which we
will bother explaining here. A typical ARCH specification in finance would be:

S = B *BS, *Bx +BO + & (118)

t

o= a, +ag? (11b)
The first equation is the mean equation, since the first four right hand variables
are intended to capture the conditional mean p,. The variables x_represent any
exogenous variables you think might be important. The variable o, isthe current
volatility, which suggests that it might affect the mean (because it feeds back into
the pricing of assets).

The second equation is the volatility equation. It says that the residual from the
mean equation hasavariance that depends upon the latest squared residual available
uptotimet. Theideaisthat if the system gets shocked off the mean path in the
last period (a big forecasting error €, ), then system volatility should go up. In
acronym, version (11) iscalledaMGARCH ( mean generalized ....)

SEngle, R.F. (1982) “Autoregressive conditional heterscedascity with estimates of the variance of United Kingdom Inflation.”
Econometrica, 50, 987-1007.
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Equations 11(a) and 11(b) can be estimated by a technique called maximum
likelihood (ML), which is often used in statistics and econometrics. Essentially it
estimatesall the parameters (herethe betasand a phas) by choosing them to maximize
the probability of getting the data series S, S, .... § actually observed. The ML
technique is necessary here because the volatility terms g, in Equations 11(a) and
11(b) are not observable, and the technique in effect imputes these at each round
of the numerical likelihood maximization, whichisbased oniterating values of the
alpha and beta parameters at each step.

The ML technigque can be quitetricky to implement, sinceit relies upon numerical
algorithmsthat may not converge. Also, sometimesthe ARCH model simply does
not fit. There are alternative specifications to the ARCH family. One of theseis
due to Schwert?, which estimates the current volatility based on the absolute value
of theresidualsto the fitted mean equation, and uses more or less straightforward
regression techniquesto execute the necessary steps. For an applicationto foreign
exchange, see Bowden and O’ Donovan (1997)°, which a so describesthe technique.

It isimportant to notethat inreal lifetrading, ARCH, Schwert, and other volatility
estimation techniquesare only thefirst step. The objectiveisto begin by estimating
the current volatility on this somewhat mechanistic level, and then to look at the
result and adjust it according to your own perceptions of the state of theworld. For
instance, if aVVogon spaceship suddenly appears at the Athens Olympics opening
ceremony, it might beworth revising your computed o upwards (on the off-chance
that it isnot a publicity stunt).

At any rate, you arrive at aconclusion asto what the volatility should be. Thenyou
look at how the optionsfor the preferred month — or all the months, for that matter
—are priced in the market. You can then back out the implied options price and
compare thiswith your own view of what the volatility islikely to be. Maybeyou
have private knowledge from your Sub-Etha Sens-O-Matic of thelikely arrival of
the af orementioned spaceship. If you think that the market is underestimating the
volatility, you cantry abit of volatility trading. Of course, optionshave many uses,
not least of which is hedging portfolios, where they represent a convenient way of
protecting the portfolio manager against downside risk in the fund’s portfolio of
shares or bonds.

4 Schwert, GW. (1989) “Why does stock market volatility change over time?” Journal of Finance, 44, 1115-53.
5 Bowden, R.J. and B. O’'Donovan (1996). “Financia markets: volatility and policy.” In B. Silverstone, A. Bollard & R.
Lattimore (eds) A Study of Economic Reform : The Case of New Zealand, pp 279-314. Amsterdam: North Holland.
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8.7 Other timeseriesbuzzwords

In many cases, the physical price series S islikely to be non-stationary, which
means that its variance and other characteristics are likely to change over time.
Actually we have to be a little careful here. By the variance, we mean the
unconditional variance, which iswhat you might compute if you took the sample
variance of avery large number of observations, ignoring the temporal structure,
and treated them as some sort of random sample. This has to be distinguished
from the conditional variance, whichisthe variance of S, given S and any other
information available at time t. The conditional form may be thought of as the
incremental variance, and the unconditional type as the total system variance.

Indeed, oneimportant form of non-stationarity iswherethe stationary distribution,
and hencethetotal system variancein the sense defined above, simply do not exist.
We have aready seen an example of thisin the random walk, where the variance
exploded over time, even though the conditional variance, which wasthe variance
of the random increments €, remained the same for al time. Lots of empirical
processes behave thisway, evenif they do not have exactly the form of therandom
walk. Examplesinclude stock prices, foreign exchange rates, and sometimes stock
market returns. Such processes are said to have aunit root. The precisereference
will not concern ustoo much here, but basically refers to the difference equation
obeyed by the process, which would specify theway that S, isderived in terms of
S,, and past Svalues. Thereisacertain polynomial equation associated with this
difference equation, and you can solve for itsroots: if they are equal to or greater
than one, then you know the whole process will explode over time, something like
Figure 8.3 above.

Processes that explode in this way are often called integrated processes. To see
why, recall the random walk. By a process of backward substitution, this can be
written:

B = e + B

t t t-1

e +e, +e,+ ... forever

Theword “integrated” means summed, and you can see why this might be applied
totherandomwalk. It can beviewed asthe progressive outcome of all the summed
past values of theinnovationsterms (recall thesearethe€’s). In stationary processes,
theinfluence of theinnovationsin the distant past diesaway. For instance, consider
the process defined by:
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The second equation isobtained from thefirst by aprocess of backward substitution.
If the parameter A isless than one in absolute value, you can see that the influence
of €, (i-e. the news 100 periods ago) is hit by a coefficient A'®, which is very
small. Compare thisto the random walk where the coefficient of € _, , remains at
one, just the same as the coefficient of €. So whether [A|[<1or |A|> 1 makesa
great ded of difference. Intheformer, you can show that the unconditional variance
Var (S) exists, but inthe latter it does not exist —only the conditional variance Var

(e) = 0%
Suppose that we take the first differences of the random walk. We get:

Bt - Bt-l = €

So the differenced random walk is just the innovations process. Thisis perfectly
stationary; certainly the variance of € exists, and in fact it is the same as Var
(¢.,) and so forth. We would say that the original B, is1(1), which is a shorthand
way of saying that it isintegrated of order 1, which, inturn, isaway of saying that
if you differenceit just once you will get down to a stationary process (denoted |
(0)). Sometimes processes are so badly non-stationary that you have to difference
the difference to get down to a stationary process — these would be [(2) or worse.
Most financial processes are I(1) or I(0).

Cointegrated processes

The above ideas extend to vector processes, in which we deal with two or more
processes at a time, so that each can be regarded as an element of a vector. For
instance, we could look at a vector process whose first element is the price of a
specific stock, the second element is the price of the market, and the third is the
value of the risk-free rate.

Often all the elements of a vector process are non-stationary, but there is an
equilibrium relationship between them, which isitself stationary. For example, we
saw in Chapter 7.5 that the CAPM specified that the return on a stock (number i,
for instance) is related to the market return R, and the risk-free rate p, by:
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ri,t = Pt Bi (Rt -pt) + Si,t

Now it might bethat r,  isnon-stationary, and so are R and p,. But the disturbance
process €, is stationary. This is perfectly possible. It means that although the
return on the stock, the market return, and the risk-free rate can drift all over the
place, there is a kind of flexible rope always holding them together, so that the
relationship is shocked (the € terms) but only in a stationary way. Inthiscase, the
three variablesr , R and p, are said to be co-integrated.

Where series are co-integrated, it turns out that you can always write a version of
the relationship in which the change in one variable can be represented as the sum
of the past changesin itself and the others, plus aterm which represents the extent
towhich the equilibrium rel ationship was departed fromin the past periods. Thisis
the error correction representation; the error is in the equilibrium relationship,
and the ideais that the variables adjust over time to remove these errors and keep
it within coo-ee of the equilibrium relationship.

Detailed study of these relationshipsis alittle outside the scope of this book. In
general, the purpose and value of time series models and methods is that they
enable usto get a handle on the disturbance elements—the € 's. It isthe latter —
or, more specificaly, their variances — that are so useful for pricing derivatives.
Therelationships are also useful in themselvesfor forecasting, in situationswhere
you are after an uncovered gamble. In thistype of scenario, it is the conditional
mean — the L function — that now occupies center stage. It gives you the expected
value of the stock price (or whatever physical you are interested in) as afunction
of theinformation availableto you. When you model the conditional mean, you are
in effect forming your own forecasting mechanism. The residual variance from
thisequation will giveyou someideaof the extent to which your forecast islikely to
be wrong. In statistical jargon, the conditional variance can enable you to form
confidence bandsfor your forecast. You would present thelatter in the form of the
point forecast — which is your computed value of the conditional mean — plus or
minus one sigma for instance, which is the estimated standard deviation of the
residual variancein your fitted relationship.

At this point, we draw acurtain on the discussion of stochastic processes and their
applications. You already have asense that thisis an enormoustopic, and an area
of active research and applications programs both in academiaand in industry. It
has many important applications like derivatives pricing, forecasting, and risk
management.
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1. Canyouthink of some more examples- and perhaps better ones! —whereyou

might want to hedge some price or return, but the avail able derivativeinstrument
is not perfectly correlated with your target?

It has been said that the CAPM model and related portfolio models represent
aform of hedge relationship. Suppose that you are a portfolio manager, and
you find a stock that has a negative beta on the market.

() What does this mean about its expected return over the coming periods,
relative to the risk-free rate?

(i) Canyou rationalize thisin terms of the value of such a stock in terms of
any specified hedging need?

Suppose, for instance, that the stock is an undertaking firm that specializesin
expensiveintermentsfor highly strung stockbrokers. Would such astock have
aspecia valueinyour portfolio, and why?

(You may need a bit of help with this one.) Take arandom walk process as
specified in the form (2) of Section 8.4 inthetext. You are now at time 0, and
you know B,

(i) What isthe predicted value of B,? What isthe variance of the prediction,
that is, the variance of the discrepancy between your predicted value and
the actual outcome?

(i) Dothesamefor B, attime?2. Predictthevalueknowingonly B attimeO,
so you haveto form the best predictor available and then find itsvariance,
conditional ontheinformation availableat timeO.

(iii) Carryitonuntil sometimeT inthefuture. How doesthe predictivevariance
accumulate as the horizon T gets larger and larger?

Repeat Question 3 but this time with the process:
yt = )\yt-l + 8'(
Analyze the way in which the variance of your forecast increases or decreases

withthe horizon T, and rel ate thisto the size of the absol ute value of the parameter
A
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5. Useyour datain Example 8.4 to explore the time value of the option. Graph
the price of the SPI call option against maturity. Notice how the time value
diminishesmorerapidly, the closer you get to option maturity. (In hedgingtheir
portfolios, fund managers sometimes buy options on the SPI when they are
worried about some forthcoming event, relying on keeping options costs down

by selling the option in the near future before the time value starts decaying on
them.)
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MANY VARIABLES
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Many Variables

Sometimesin finance, one hasto handle situations where there are many variables
to study or to control in someway. An obviousinstanceisin portfolio theory. In
thiscontext, having many stocksinyour portfolioisregarded asgood practice, asit
enablesyouto diversify risk. But it doesmean that one hasto be ableto manipulate
not just one or two portfolio proportions, but awhole set of proportions. You can
play around with the resulting decision problem by using elementary algebra, but
the results can be atrocious and will almost certainly lead to error because things
get messy pretty quickly. The methods of matrix algebraare avery natural way to
handlethissort of situation. They can also help you remember resultsand properties
alot easier than you could otherwise! Inthischapter we shall first give an abridged
account of the basics of vectorsand matrices, and then indi cate the sort of situations
where they can help. In particular, we will look into the formation of portfolios
using mean—variance analysis.
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9.1 Vectorsand matrices

A vector is aone-dimensional array of numbers, usually written in the form of a
column vector, which isaset of numbers placed one on top of the other. Thearray
isgiven aname, and the name is usually written in bold type, as distinct from the
names of ordinary variables, or scalars in this terminology, which are written in
ordinary type. For example, we might have the vector:

Vector xisa3x 1 vector of numbers. We could denote the representative element
of the vector x asx., with theindex i running fromi=1toi =3:

X1
X = X2 y
X3

whereinthiscase, x, =2,x, =3, X, = 5.

A matrix isarectangular array of numbers. For example,

2 11
A=|1 0 5
3 4 2

Herethe matrix A (we use uppercase but not bold) has order 3 x 3, meaning that it
hasthree rows and three columns. This particular matrix issquare; it hasan equal
number of rows and columns. The representative element of amatrix A iswritten
a;, meaning the element in the i row and the j* column.

Notice that we could regard the above matrix as being made up of three vectors,
each of order 3x1, placed side by side:
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A = [al’a21a3]
o
where: a, =
1
_|0
a_z_
ag:

Actually, to qualify as a matrix, it is not enough to be just a rectangular array of
numbers. The array also hasto obey certain operational laws, which stem fromits
mathematical background in coordinate geometry as the representation of alinear
operator. For our purposes, the most important of these rules concernsmultiplication.

Suppose you have a vector like x above. Then the product Ax has the following
meaning: it is a vector whose elements are obtained by means of the scheme
depicted below.

&1 &2 &3 Xt ?

axn ax axm || X |=| 7?7 With??= gy x+axx.t axxs -

—

Az 93 ass X3

In this scheme, to get the second element of the product Ax, we go across the
second row of A and multiply each element of that row with asucceeding element
of the vector x, adding the results. We do the samefor the first and third elements
of the product. Now try this out by taking the product y = Ax, where x and A are
the earlier numerical examples. Verify that:
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12
27
28

y:

You will seethat thisprocesswill only work if the number of columnsof A isequal
to the number of elements (rows, in this case) of the vector x. In this case, A and
x are said to be conformable.

Example: The vector of ones, or summation vector, is particularly useful:

Can you verify that the vector Al is equal to the sum of the columns of A?

Now suppose that we have another matrix X, with columns Xps Xys Xgy X, - Each
of the columns can be treated as a column vector itself. So we can attach a
meaning to the product Z = AX. Each column z of thematrix Z will be obtained as
the product of A timesthe corresponding column of the matrix X, thelatter treated

asamatrix - vector product, in the manner just outlined. In other words,
Z = AX = [AX{,AX, AX; AX, ]

Again, thiswill only work if the number of columnsof A isequal to the number of
rows of X, in which case, A and X are conformable. If thisis the case, we can
build up the product of two matrices by taking the first times each column of the
second in turn, and putting them side-by-side. The order of the resulting product is
equal to the number of rowsof A by the number of columnsof X. A good mnemonic
istowritetheordersof AX as[3 x 3] x [3x 4]. Thetwo inner numbers have to be
the samefor conformability, and the two outer numbersgivethe order of theresult,
as[3x4].

You will noticethat you haveto be abit careful about the order in which you write
the product. Thus XA means something quite different from AX. Indeed, even if
the first product does exist, it does not follow that the second product exists - the
conformability requirements are quite different.

In Question 1 at the end of this chapter we have given several matrix multiplication

problems, using easy numbers. If you are not already conversant with matrix
products, you should work through these before proceeding.
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The transpose of a matrix A, written A, is the matrix constructed by turning the
rows of A into columns. For example:

2 11 2 13
A=|1 0 5| then A=| 1 0 4
3 4 2 152

A square matrix, A is symmetric if g ;=4 In other words, if you interchanged

rows and columns, the new matrix would be just the same asthe old one. You will
notice that if A happens to be symmetric, then A = A". Of course, A can only be
symmetricif it issquareto begin with.

You can have the transpose of avector, too. In thiscase, asingle column becomes
asingle row, often called a row vector.

X =[2 3 5]
Now suppose we take the matrix, A, which is symmetric:
2 11
A=l 1 0 4
14 2
(Check that A issymmetric, in terms of the definition given above.)
Now we form the following triple product:
g=xAx
L et us check that we can do this properly to begin with, that is, that everything is

conformable. Take the last product, Ax. A has 3 columns and X has three rows,
so the product will exist, and be of order 3 x 1, the number of rows of A by the
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number of columnsof x (which, incidentally, isone, sinceitisavector). Theresult
isavector of order 3x 1. Thetransposex' isarow vector of order 1 x 3. Thelast
step isto multiply arow vector by column vector: 1x 3 by 3 x 1, and you can see
that theresult existsandisof order 1 x 1. Thismeansthat it isjust asingle number,
or ascalar. Go ahead and try it. You will find that the result is:

q = 2X2+ 2XX, + 2X; X5 + 8X.X5+ 2X32

Could you have guessed what the coefficients of thisexpression are, just by looking
at the matrix A?

This sort of expression is called a quadratic form. Every termin it is of power

two: either a square like x,?or a product like x x,. Conversely, every quadratic
form can always be represented as X' A X, for some symmetric matrix A.

9.2 Matrixinversesand equation solving

Suppose we have an equation
3X=6

We assumeyou are ableto solvethis, hopefully without much difficulty. We could
writethe solutionintheform:

X =316

where you will recall that 3* isjust another way of writing 1/3. The answer, of
course, isx = 2.

Now we are going to do the same sort of thing for solving systems of equations,
which are linear simultaneous equations such as:

X, + 2%, =4

X, +5x, =1
You may know how to work out the solutions for x, and x, aready. It's easy for
this2x2 set of equations and variables, but you'll need something more than high

school algebrawhen it comesto solving 14 x 14 problems!

Before we can move on, thereisalittle more work to do on matrices. One special
matrix will beimportant: theidentity matrix, denoted . Thisisamatrix with ones
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al theway down theleading diagonal—which isthe diagonal leading from top left
to bottom right—and zerosin all the off diagonal positions. For examplethe2x 2
identity matrix is.

L

Write down the 3x3 identity matrix.

Theidentity matrix playstherole of the number one (1) in matrix work. If you take
any conformable matrix and multiply it by I, you get the same matrix you started
with; thusl A =Aor Al = A. Similarly, if xisavector, | x =x. (Would x |
make sense?) Now take a matrix A. It has to be square. Under suitable
circumstances—more on this later—we can find another matrix, denoted A* ,
such that:

ATA = |
If we can find such amatrix, it is said to bethe inverse of A. For usto be ableto

find such a matrix, we need the matrix A to be of full rank. By thiswe mean that
the columns of A must be genuinely different. For example, consider the matrix:

2 1 2
A= 1 0 0] ,
3 4 8
or the matrix
2 4 1
B=| 1 11 5
3 7 2

You can see why matrix A might have a problem. The third column of A isjust
twice the second, so in a sense the columns are not really different. ThecaseB is
abit harder, but you might be able to see that the second columnisequal to thefirst
plustwicethethird. So once again, the columnsare not genuinely different, since
one of them can be manufactured out of the others. This property iscalled linear
dependence. To be able to compute itsinverse, we must have all the columns of
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A as linearly independent, meaning that you cannot get one from the others by
simply taking some linear combination of them. Such amatrix issaid to be of full
rank or non-singular. In practice, the computer will tell you when the matrix you
aretrying toinvertissingular, so you don't have to bother. The computer will also
dotheinverting, thatis, finding A

Now we move on to the use of matrix inverses. Supposewe havethefollowing set

of three simultaneous equations with three unknownsx, , X, , X.:

2x1+x2+x3 =2

X, + X, =3

3x1 + 4x2 + 2x3

5

Using your newfound skillsin writing thingsin matrix-vector form, verify that the
above can be written as:

Ax=b, )
[ x
where x =| X2
| X3
b =
2 11
and A= 1 0 5
3 4 2

You can seethat al thisisquite general. Any set of linear equations can always be
written in the form ().

Now multiply both sides of Equation (1) by the inverse A, (We don't mean to
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calculate A numerically; this is just matrix algebra we are doing here). More
precisely, multiply everything on the left hand side, or pre-multiply by A. Since
AA =1, theidentity matrix, we get:

X = Alb

In effect, thishas solved the system, just asx = 31 6 solved the simple one-variable
equation. The computer can work out A* and multiply the given right hand side
vector by the inverse, and—Bingo!—thereitis. the solutionsfor x, X,, X,.

Actually, the inverse of the matrix A is:

20 -2 -5

Al -1 -13 -1 9
23

-4 5 1

Can you check that A'A = 1? Now find the solution for x. We will not worry here
about the algorithms used to calculate the inverse. Basic versions can befoundin
every textbook of linear or matrix algebra.

9.3 Statisticswith matrices

A lot of useful financial econometricsis concerned with the mutual relationships
between many variables, such as a set of securities. Suppose that Xy Xopeen X is
aset of nrandom variables. Note that n does not mean the sample size here- itis
the number of random variables. For instance, inthedatayou haven=14individua
stocks. We can combine the random variables into a random vector x which will
be of order n:

X1

X2

Xn |

The vector random variable x will have amean :
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EX1 lul
EX2 H,

EX: . = . :Iu_
_EXn_ _lun_

Moreover, there will be variances and covariances between the various random
variables. For instance, _012 = E(x; - by )2 or o, = E '(xl - H)(X, -1, ). We
can assemble all the variances and covariances into a matrix:

012 o, U0 oy,
o, 05 O 0 0y,

Strictly speaking, we should write the (2,1)" elementas o, and not o, but they
are equal so we just use one and not both. A similar convention appliesto al the
other off-diagonal elements. We also use 0 ? instead of o, (etc.) for the diagonal
elements.

Notethat the> symbol does not represent the summation signinthiscontext. Itis
simply the uppercase * (for matrices, remember) version of the lower case g,
inside. You will notice that it is a symmetric matrix, ssmply from the way it is
constructed.

Often therandom vector x is specified to have agiven probability distribution. An
example is multivariate Normal. This has a similar shape to the unidimensional
Normal, but now hasto be plotted in higher dimensions. For example, if you had
normal density for two random variables, this would look like abell in 3-D. We
would say that x hasthe multivariate N (W, ) distribution function or density.
Another way of writing the covariance matrix X is asfollows:

Z=E(X-W(x-p)

You cantry writing thisout in full by multiplying (x - i) by (x - p)', and then taking
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the expectations of each of the elements of the resulting matrix. Remember that
the prime means transpose, so the orders are [nx1] x [1xn], and the result will be
[nxn].

9.4 Portfoliotheory*with matrices

At last we are at the point where we can apply these concepts. Take a set of n
securities, and call their returnsr,, r,, ...r . Each of these securitieswill have a
conditional expectation, given theinformation availableto theinvestor. Thismay
depend on time, in the sense that the returns are to accrue over the interval fromt
tot+1. Atinstantt, theinvestor can form hisor her expectations of the expected
return over the current period: for the representative security i, for instance:
Er it~ I"l*i,t

For example, investors may be operating in terms of some sort of CAPM model.
They know that returns this period (between instantst and t + 1) will certainly
depend on the risk free rate (p, ) to hold for investment over the coming period,
whichisof course, knownin advance and therefore part of theinvestor'sinformation
set. Hence we might specify:

W = P+, 2)

wherethe i, might be formulated in terms of what the investor thinks the market
asawhole will do (the market risk premium), plus some version of how he or she
thinkstheindividual stock isrelated to the market. We will leave open the precise
way that investors are imagined to estimate their means for the coming period.

You can see that if you assume some sort of decomposition like (2), you might as
well smply redefine your returnsr,  asthe excessreturnsrelative to the risk-free
rate, so thisiswhat we shall do, both in the theory and in the practical work.

NOTE: In the following discussion, all returns and return symbols refer to
excess returns, that is, the original return minus the risk-free rate.

LThe reader should note that there are various versions of portfolio formation in practice, which may not be the same as the ones
discussed here. A common procedure is to use the unconditional means and variances, often computed over avery long period,
to calculate the efficient frontier, which means the set of portfolios that maximize the average return for any given variance. The
investor is then asked (in effect) to choose a portfolio along this frontier, in accordance with his or her preferred risk attitudes.
In such calculations, one would use the actual returns, rather than the excess returns which we used here.
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Asnoted, the excessreturnsr,, will have amean 1, which may depend on time.
However, intheinterest of notational simplicity, we shall simply suppressthetime
dependence, and write the means of the excess returnsr, as simply ..

Likewise, the excessreturnswill have amutual covariance matrix as perceived by
investors, for the returns over the coming period. Weshall denotethisby >. Again
thismay depend ontime, viatheinvestor'sinformation set. For example, theinvestor
may perceivethiscoming period asatimeof greater volatility than usual - asubstantial
oil shock has just occurred, and times are suddenly rather uncertain.

In summary, the excessreturnsvector r isassumed to have some sort of distribution
over the coming period, with mean p and covariance matrix 2. For the moment,
we shall assume that these are known. Thetask thenisto find out, in light of this
knowledge, how much of each security should be held in the investor's portfolio.
To answer thisquestion, imaginethat you have $1 available for investment, and you
have to parcel this out among the set of n risky stocks, bonds or whatever the
securities actually are. You will be after the portfolio proportions x,, X, ... X .
Note that these proportions must sum to one. Collect these proportions into a

vector X .,

Once you do this, the portfolio (excess) return is itself going to be a random
variablegiven by:

p=Xxr+Xr+ . .. +txr = Xr

You can see the mean portfolio return (henceforth, "return” refersto excessreturn)
isgivenby:

Ep =l = XM #XH, + . XH = XH
Likewise, asarandom variable, the return has a variance given by:
o’ = E(p-K,)

Using your newfound expertisein matrix-vector manipulation (though thisone may
take some experience!), try to show that the portfolio variance can be written as:

0?2 = X Zx. 3
2 Do not confusethisvector with the x of Section 9.3, whichwasageneral description of arandom vector. Herewefollow standard
notation in portfolio theory and reserve x for the non-random portfolio proportions, and it is r that is the random vector.
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In other words, the portfolio variance is just a quadratic form in the portfolio
proportions x with elements of the covariance matrix 2 forming the coefficients.

Mean - variance portfolios

How should you choose the right portfolio proportions—that is, the vector x ? To
do thisyou have to have some objective function. Possible choices are:

A. Minimum variance
Choose x to minimizethe portfolio variance (3) subject also to the sum of thex
being one. This result is the minimum variance portfolio. It can be shown
that the proportions of the minimum variance portfolio are given by:

1 1
x= (1' z*lljz ' @

Recall that the vector 1 isavector with all itselementsjust 1, and it represents
the process of summation. Thereforeinthetop of (4), theproduct 211 turns
out to be avector whichisequal to the sum of the columns of theinverse of the
covariance matrix. Thedenominator of theright hand sideof (4) isanormalizing
scalar which is equal to the sum of all the elements of the inverse of the
covariance matrix. It makes all the elements of x sum to one.

Thus, the minimum variance portfolio gives weightsto each security, I,
proportional to the sum of thei*" row of the elementsof Z1. Notethat we have
defined the minimum variance portfolio in terms of excessreturns, rather than
nominal returns, though it isnot uncommon to use nominal returns.

B. The CAPM portfolio

Thisturnsout to bethe portfolio that would be held by investorswho possessa
utility function for wealth that saysthat they prefer more money to less, but
that the marginal utility of the extraunit of wealthisdeclining. Suchinvestors
display risk-averse behavior. Under suitable assumptions (which wewon't go
into here), thisgeneratesa CAPM type of capital market equilibrium, inwhich
everybody holdsthe same portfolio proportions, given by:

1 4
(g7 T ®
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You can seethat thisisthe same form as the minimum variance portfolio with
the mean of the excess returns, namely W, replacing the summation vector 1.
Note that p hasto be the mean of the excessreturns. Theinterpretation isthat
theweightsare proportiona to the vector >* W, which are subsequently adjusted
to sum to one.

To compute the optimum portfolio, of either type, we need to know the
covariance matrix of excessreturns, conditional on currentinformation|,. Once
we know this, the computer can invert and calculate the portfolio proportions
for us.

Finally, with the portfolio proportion x solved for both A and B, you can form
the mean and variance for the portfolios:

o = XN portfolio mean;
0> = XXX portfolio variance
9.5 Practicum

Now we will use the historical data on US stocks to compute the portfolios. The
essential first steps are to estimate the conditional mean and covariance matrix for
the coming period. One simple assumption that isoften madeisthat the conditional
meansfor excessreturnsin each period are exactly the same. Thisvirtually amounts
to assuming that the historical excess returns can be treated as though they were
simply a sample from some kind of stationary distribution. So in that case, we
could usefor g simply the sample mean of the excessreturns over the observation
period, and for the Z, the sampl e covariances of excessreturnsover the observation
period. Moreadvanced treatmentstry not to make such strong assumptions, allowing
both the means and the covariancesto change over time, but to get the ball rolling
we will make the simpler assumption here.

Thefirst step isto estimate the sample mean of each of the 14 stocks on the disk.
The next isto estimate the variances and covariances. Sincethere are 105 different
variance/covariances, we'll take pity on you and suggest that you choose just five
stocksto form the portfolios. For our example, we have simply chosen avariety of
stocksto provide aniceindustrial coverage. We stress that the sel ection does not
imply any judgement whatever about the quality of the stocks. The five stocks
chosentoillustratethingsare:
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IBM

GM

MMM
MarineDrill
Wendy's

Return to your Excel worksheet where your have stored the excess returns data,
that is, the data from which the effective 30-day CD has been subtracted.

Now find a clear section of the worksheet in which to perform the calculations. In
ours, the areajust below the data starting in cell [A89] was chosen asit was empty
right over to column Sfor al cells south of the data. For ease of explanation, we
will continue the description of setting up the series of calculations as though you
have chosen the samearea. We aregoing to construct acal culation block consisting
of the mean and variance of the excessreturn for each stock, followed by amatrix
of the covariancesfor each pair of stocks. Completed, the block should appear as
it doesin Table 9.1 below.

Starting in cell [A90] type the word MEAN; type VAR in cell [A91] and then
COVARincel [A92]. Intocell [B92], nextto"COVAR" (and thisisimportant, as
weshall explainlater), typethe namefor your matrix. Thisisbest givenasasingle
letter, such as A , for the ease of performing matrix operations.

Then type the names of the stocksin the above order (asthey areroughly lined up
in your data) across the top of the area designated for your calculation block--for
us, cells[B89] through [F89]. Input the same names, again in aphabetical order
down column A, into cells[A93] through [A97].

Beginning in cell [B90], next to the word "MEAN," find the mean of the excess
returnsfor IBM. Thisisaccomplished by typing the formula:

=AVERAGE(cell range for IBM excess returns)
On our worksheet:
=AVERAGE(B2: B60)
You can then copy and paste the formulainto the same row in the four cellsto the

right, directly under the other stock names. You will need to ater the cell range
reference in each formula so that it points to the excess returns of the correct
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stock. For example, the formulato calculate the mean returns for MMM will be
AVERAGE(F2:F60); for Wendy's the formula will read AVERAGE(O2: O60).

Under the mean (or "AVERAGE"), use Excel to calculate the variance of excess
returns for the chosen five stocks. Either type or use the Function Wizard to put
the following formulainto the cell directly below the mean for IBM:

=VAR(cell range for IBM excess returns)
On our worksheet:
=VAR(B2: B60)

Then copy and paste the formula into the four cells to the left in the same row,
again adjusting the cell references to line up with the correct returns data. You
should now have completed the means and variances.

Now calculate the covariances. Run the cell pointer down the IBM column to the
point where it intersects with the GM row, cell [B94] on our worksheet. Using the
Paste function button (labeled fx) on the standard toolbar, select Satistical asthe
Function Category, COVAR as the Function Name and click on [ OK].

For the next dialog box, respond asfollows:
Array 1:  $C$2:$CH60  to select the GM Data, then hit the tab key
Array 2. B$2:B$60 to select the IBM data
Then click [OK].
Notethat thefull cell referencesfor Array 1 are absolute, whereasthe cell references
for Array 2 are relative with respect to column, but absolute with respect to row.
Thiswill simplify the copy and paste actionswhich follow.
Now, copy the contents of thisfirst GM cell acrosstherow into cells[D94], [E94]
and [F94] where the GM row intersects the MMM, Marine Drill and Wendy's
columns. Again, you must adjust the second cell referencein each formulato point

to the correct stock returns. For example, the formula for the covariance of GM
with Marine Drill reads =COVAR ($C$2: $C$60,N$2: N$60).

250




Chapter Nine. Many Variables

What you are building is a variance-covariance matrix. For all the cells which
represent the intersection of one stock with different stocks, you will calculate the
co-variance between the two intersecting stocks. For the time being, the diagonal
of the matrix, where the row for a given stock intersects with the column for the
same stock, should beleft blank. Later, these cellswill be occupied by the variances
for the respective stocks. The remaining covariance cells can be filled using cut
and paste, and editing where necessary so that the two arrays referenced by the
formulain each of the covariance cells contain the excess returns data for the two
"intersecting” stocks.

Finally, put the variances for the individual stocksinto the diagonal cells running
from the top left to the bottom right of the matrix. We found that this was easily

doneby typing:

=B94
=C94
=D%4
=EA
=FA
diagonally acrossthe matrix.

That is, type an equals sign and the cell reference of the variance you have already
calculated for each stock. Completed, the variance-covariance matrix, and
accompanying summary statistics should appear asin Table 9.1 below.

Problem 9.4 at the conclusion of this chapter givesyou an algorithm for constructing
the covariance matrix by using matrix operations.

Table 9.1 Covariance matrix for stocks

IBM GM MMM Marine Drl Wendys
MEAN 0.023063 0.007322 0.008952 0.039054 0.00502
VAR 0.010548 0.009299 0.005281 0.04319 0.008576
COVAR A
IBM 0.010548 0.003366 0.000867 0.003023 0.001137
GM 0.003366 0.009299 0.001086 0.003183 0.001047
MMM 0.000867 0.001086 0.005281 0.004897 0.00058
Marine Drl 0.003023 0.003183 0.004897 0.04319 0.002159
Wendys 0.001137 0.001047 0.00058 0.002159 0.008576
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General instructions for Excel matrix operations

When you construct your matrix in Excel, giveit aname and make a note of what
it contains. The name must be placed in the cell directly above the top left hand
corner of the matrix, which we have already done for the current data, putting the
nameA in cell [B92].

To perform matrix operations using the data you have set up, it is now necessary
for youto formally notify the Excel program that the datayou will beusing existsin
anamed block of cellsin your worksheet. You can do thisasfollows:

1. Usingthe mouse pointer, highlight the block of cellsholding theinput matrix.
For purposes of the current application, thisisthe variance-covariance matrix,
that is, cells B93:F97 if you followed our set up.

2. Run the mouse pointer up to the menu bar and click Insert, Name, Define...

3. The Define Name dialog box will appear. In the Names in Workbook input
box, there should appear theletter A, the nameyou provided for your matrix in
cell [B92]. (If not, type in the name of your matrix.)

The Refersto: input box should list therange of your matrix. If it doesn't, click
in the box and edit using the delete and character keysto list the correct cells.
For the present application thisis B93:F97. Click [OK].

Now we are about ready to run. There are at least two methods for performing
matrix operationsin Excel. Thefirst method requiresthe least input time, but the
second method might be easier for those of you who find the final keystroke
combination difficult.

If you get through Method 1, skip Method 2 and go directly to thefollowing section

on Mean-variance portfolios: solutions.

Matrix operations: Method 1

1. Forthedesired matrix operation, you must determinethe order (i.e., dimensions)
of theresulting matrix, and highlight the cellsthat it will occupy on your

spreadsheet.

2. Withthe"result" cellshighlighted, typean equals(=) sign followed by therequired
matrix command. (This could be, for example: =MINVERSE(A) )
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Don't hit the [Enter] key at this point.

3. Thesimplest way to obtain the result matrix now isto strikethree keysat once:
[Ctrl]] + [Shift] + [Enter]

(Press[Ctrl] and [Shift] using your left hand, and while they are held down,
then press [Enter]).

Matrix operations. Method 2

1. Aswith Method 1, for the desired matrix operation you must determine the
order (i.e. dimensions) of the resulting matrix, and reserve those cells on your
spreadsheet.

2. Intherow directly above your result matrix, type the number one (1) inthefar
left cell, followed by two (2) in the next column, and so on for the required
number of columns. (These cells provide the column references).

3. Inthecolumndirectly totheright of your result matrix location, type the number
one (1) in thefirst row, two (2) in the second, and so forth down to the final
row. (These cellswill provide the row references).

4. Inthetopleft cell of theresult matrix, typeyour formulain thefollowing format:

=INDEX(name of the Excel matrix operation [e.g. MINVERSE] (name
of the input matrix [e.g. A, as we have chosen]), row reference, column
reference).

Suppose, for example, that your result matrix is to rest in cells B123:F127.
One possible layout is shown below, with cell contents designated in bold and
cdl namesinitalics.

Al22 1 2 3 4 5
1 B123 C123 D123 E123 F123
2 B124 C124 D124
3 B125 D125
4 B126
5 B127 F127
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To obtain the result of the matrix operation for cell B123, into B123 wewould
typetheformula:

=INDEX(Matrix operation(matrix name),$A123,B$122)

If thiscommand iscopiedinto cell [B124], it will automatically changeto:
=INDEX(Matrix operation(matrix name),$A124,B8$122),

which is exactly what we want. Pasted into [C123], it will give:
=INDEX(Matrix operation(matrix name),$A123,C$122), correctly again.

In fact, the formulawill provide the correct row and column referencesif cut and
pasted throughout the result matrix. Itisabit of an effort to set up, but in doing so,
you havelearned something quite useful about cell referencing, inadditionto avoiding
the three-at-a-time keystroke combination.

Performing a matrix operation without the three-at-once keystroke combination
will generate an answer which includes only the top left hand element for the result
matrix from the operation. The Index command provides a way to access the
remaining elements of the result matrix.

Mean-variance portfolios. solutions

Having set up the covariance matrix, the next task isto generate the mean-variance
portfolios of Section 9.4. We'll use Method 1 to perform matrix operations, but you
can apply Method 2 just as easily.

A. Starting with the Minimum Variance portfolio, wefirst haveto find theinverse

of the covariance matrix, Z%. Begin by highlighting a5 x 5 block of cellsafew
cellsbelow the original covariance matrix. (We used cells[B100] to [F104].)

Type:
= MINVERSE(A) into thetop left hand cell of the highlighted block.
Then press [Ctrl] + [Shift] + [Enter].

With abit of luck, you will have created the new matrix, =%, which appears
as Table 9.2.
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Table 9.2 3*
108.9531 -36.464 -5.87672 -3.841636 -8.63143
-36.464 124941 -14.5443 -4.592299 -8.2745
-5.87672 -14.5443 214.937 -22.57479 -6.2945
-3.84164 -4.5923 -22.5748 26.5248 -4.08114
-8.63143 -8.2745 -6.2945 -4.081138 120.2174

Referring back to Equation (4), we must now multiply Z* by the vector 1. The
effect of this multiplication is the same as adding across the columns of 271,
row by row. We can do this very easily on the worksheet. Check that you
obtain the vector shown as Table 9.3.

Table 9.3 11

54.13937

61.06588

165.6467

-8.56506

92.93585

By summing thefive elementsof the vector 2 1, we obtain the scalar (ordinary
number):

1'>t1 = 365.2227

The vector of weights for the five securitiesis then obtained via Equation (4)
as.

1 1
= - 1 y
X (1, Z’llj z
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that is, by multiplying the vector =1 1, by the inverse of the scalar above.
Thisiseasily done on the spreadsheet to give Table 9.4:

Table9.4 (1/13*1)* 351

0.148237
0.167202
0.45355
-0.02345
0.254464

Clearly, the Minimum Variance portfolioisheavily weighted towardsthe MMM
stock and Wendy's - by just over 70%. The minus sign next to the fourth
weight indicates shorting a small amount of the Marine Drill stock.

B. Forthe CAPM portfolio, we again use the inverse of the covariance matrix
21 that we produced for the first portfolio above.

Following Equation (5), we must next multiply by p, the vector of the stock
mean (excess) returns. You must first create the vector as a column of five

elementswhich we did as:

=B90
=C90
=D90
=E90
=F90
These are the cell references for our original calculation of the return means.

This produces the required vector:

.023063 |
.007322
.008952
.039054
L .00502
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Use the Excel function MMULT (matrix multiplication) to compute . To
perform thisfunction, first highlight acolumn of five empty cellsfor theresult
vector. Into thetop cell type:

= MMULT (cel range for Z1, cell range for stock means),
which on our worksheet was:
=MMULT($B$100:$F$104,$H$90: $H$4).

Then strike the combination:  [Ctrl] + [ Shift] + [Enter], to produce:
[ 1.999821 |
=.277177
0.768771

0.691117
L 0.128052

tp =

The front end of the right hand side of Equation (5), 1>, isjust the sum of the
elements of the vector 21, that is, the scalar which, for the data selected, comes
to:

151y = 3310584

The vector x of the weights for the selected securities to the CAPM portfolio is
then:

L5y
X = 1:21/1

Itssolutionisgiven by:

0.604069
—-0.083724
0.232216
0.20876
0.03868
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This time the portfolio weights indicate a high proportion of our capital in IBM
shares (60.4%), whileweare directed to short sell asmall amount of GM (amounting
to 8.4% of our capital amount).

Finally, we will actually calculate the mean excess return of the two portfolios,
again onan higtorical basis, and asotheir sandard deviations. The standard deviation
of the portfolio is sometimes called the capital at risk in portfolio management
literature.

The variance of each portfolio excess return is calculated as:

0%, = XIx

while the mean excess return is computed as:

The results of these computations for the two portfolios are shown as Table 9.5
below. As you can see, the Minimum Variance portfolio (A) ended up with a
standard deviation of about 62% of the CAPM portfolio (B), whileitsmean excess
return was less than one-half of that achieved with portfolio (B).

Table 9.5 o,. H

Portfolio 02p o, M,
(A) Minimum Variance .002738 .052326 .009065
(B) CAPM .007172 .084689 .023744
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1. (i) Determinewhich of the following matrix products can be found, and find

them.
2 11 1 2
A=l 1 0 5 ,B:{l 1},02 10
12
34 2 3 4

(a AB ()AC (c)CA (dCB (e) BC

(i) Supposethat you havean N x 1 vector 1, whose every element consists of
the number one (1). Now take a set of sample observations on some
random variable x, namely LD ST and assemble them into acolumn

vector X. What doesthe product 1'x look like? Thevector 1 iscalled the
summation vector — it does the same thing as the X sign.

2. In Section 9.2 you will find an answer to the inverse of the matrix below.
Check that answer is correct using Excel (See Section 9.5).

2 11
A=|1 0 5
3 4 2
3. Consider thefollowing set of equations:
X, + X, + 2X; =1
X, =2
33X, +4x, + 8, =1
() Fromfirst principles, try to solveit. Doesthis set have aunique solution?
(i) Write the set of equations in matrix-vector form.

(iii) Relatethe solution problemto thelinear dependence of the system matrix.
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4. Hereare some useful manipulationswith statistical applications.

(i)

(i)

Suppose that you have a N x k matrix of N observations on each of k
random variables. This is often caled a data matrix. What does the
matrix X'X contain?

Show that the sample covariance matrix can be cast in matrix-vector form

as.

2= XX -XX'

1
N

where X isthe vector containing the sample means.

5. Following the practicum of Section 9.5, you could try the following:

()

(i)

Pick a set of five stocks that you think will show nicely complementary
properties for purposes of diversification. Then repeat the procedures of
the text; compute the CAPM portfolio and see if the portfolio dominates
that of the text, in the sense that it has a higher mean return and a lower
variance.

Now get more ambitiousand repeat the text exercise but with all 14 stocks
onboard. The hardest part—aside from darting back and forth acrossthe
spreadsheet—is to assemble the covariance matrix of returns. To speed
things up, you might try the implied procedure in Q4 above, and do the
whole assemblage in matrix -vector operation.

Has the extra diversification improved the expected return- risk trade off,
for either of the portfolios— the Minimum Variance or CAPM?
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General Mathematical Review

Appendix

Al Order of operations
As it is frequently necessary for the financial manager to perform chains of
calculations, it isimportant to know the correct order in which to executethe various
types of operations.
For example, if you are required to evaluate:

A=8-4x3+6+2x22,
where do you begin? Notethat thisisnot just asimple matter of working from left

to right! There are standard rules governing the order in which we perform the
various arithmetic operations.

Rules

1. Caculationswithin parentheses are performed first.
2. Powers operations come next.

3. Divideand multiply are next.

4. Then add and subtract operations follow.

Where no brackets appear in the original equation, it is often easiest to start by
grouping the +, x and powers operations using parentheses.

Example A.1

A =8-4x3+-6+2x%x2°
8-(4x3+6)+(2x2)
8-(2+(2x4)

6+8

14
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Example A.2

B=1+3x(4+5?2-7
1+ 3x(9)?-7
(1+3x81)-7
27) -7

20

Xipuaddy

A2 Multiplication and division with signed numbers

Numbers in calculations may be either positive or negative. When performing
multiplication or division, if the two operands have the same sign the answer is
positive. If they have different signs, then the result will be negative.

positive x positive = positive
positive + positive = positive
negative x negative = positive
negative + negative = positive
negative x positive = negative
negative +~ positive = negative

Example A.3

Find Cfor:

C =-16x-4-2x-6+3x-2x-5

First group the operations of multiplication and division using parentheses:
C =(-16%x-4)-(2x-6)+ (3x-2x-5)
Solve for sign within each set of parentheses:

C =(16x4)--(2x6)+(3x2x5)
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Perform the cal culations within each set of parentheses working from left
toright:

C 64+ 12+ 30

106

Example A.4

Cdculate:

D=-24+ -2x4-5x-8 + -2
-12- (5% -1)

Group multiplication and division:

D= (-24+ -2x4)- (5% -8+ -2)
12-(-5)

Solvefor sign within the brackets:

D= (24+2x4)-(5x8+2)
12+5

Perform the cal cul ations within each bracket working from left to right:

D = (48) - (20)
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Exercises

Findt E=14+-(-7)+6-3x4
12+ 6-4

F=4x6-(-12+(-2)+2x3
12+3+5

A3 Powersand indices
Powers, indices and exponents are equivalent terms describing a shorthand way

of writing repeated multiplication. They arefrequently used in compound interest
calculations.

Example A.5

2x2x2x2x2 =25

Read as*“2 to the power 5” where 5 is called the index, power or exponent
and 2 isthe base. Inthe above examplethebase“2” ismultiplied by itself
fivetimes.

Rules for indices

1. Numbers with indices can only be added or subtracted when they have the
same base and the same index.

Example A.6

a+ & = 2a

Example A.7

b+6b+8b = 15b
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Example A.8

8X? +7y* +3x® - 4y? - 2¢*
(8x7 - 2x?) + (7y? - 4y?) + 3x®
6x? + 3y? + 3x3

Numbers with the same base but different powers can be multiplied. The
result is the sum of the powers.

Example A.9

a3xa2:(axaxa)x(axa)
= (axaxaxaxa)
=& .

thatis; &xa&= a2 =&

Division with Power Functions (Indices)

Example A.10

F=& + &

F=axaxaxa
axaxa

When all the numbersin the numerator and denominator are multiplied, itis
possible to reduce the equation asfollows:

F=axaxaxa
axaxa

(Note that this does not work if there is addition or subtraction in the
numerator or the denominator.)
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In the above example, we are | eft with the simplified form:
F=a
Thatis:

ad+a& = a® = a= a

Rule:  When dividing numbers with the same base but different powers,
subtract the indices.

Powers of Powers

When anumber israised first to one power (index), and then to another power,
theindicesaremultiplied.

Example A.11

G= (a3)2= (@) x(a%)=axaxaxaxaxa

O (8.3)2 =a3><2 .

Example A.12

— 2\3_ 2 2 2 — 2+2+2_ _3x2
H=(a%)’=a"xa’*xa” = a~"*"*=a>“ .

Example A.13

Caution:

a(23)= as¢ (a2)3
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Negative Powers

A non-zer o base raised to a negative power is the reciprocal of the base
raised to the same (positive) power.

Example A.14

10t = 1 25 =1 X" = il
10t 2° XN
Zero Power

Any non-zero base raised to the power of 0 (zero) has the value 1.
Thisisbecause:

n
1= i=aO;SO a’=1.
an

Fractional Indices
Problemswith fractional indices are common when you are trying to compare
interest rates quoted with different compounding periodsto determinetheir

effective return.

Rule: Thevalue of apositive baseraised to afractional power, n, isequal to
the n root of the base.
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Example A.15

Solve for x:

(1+x* -1 = 0.16

Add one (1) to both sides:
(1+x)* = 1.16
Take the 4" root of both sides:
1+x = 1.16Y* = 1.16% = 1.03780199
Subtract one (1) from both sides:
x = .03780199
Expressed as a percentage:

X = 3.780199%

Note on Smplifying Fractions

To simplify expressionswith afraction in the denominator, usethe “invert
and multiply” rule.

[08)
N

/
/

3
4

[S2 RN

N
(&)

Using the “invert and multiply” rulethis can be rewritten as:

X

15
16

Nl

5 _3x5
4 4x4
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Appendix

A4 Logarithms

The logarithm, with base b, of a positive number A, isthe power y such that b¥ =
A. The logarithm is written aslog A so that y = log A means b’ = A.

Examples
log,,100=7 10? =100 therefore log,, 100 = 2

log,32=5 log,25=2 log,27=3

Inx=log, x

In isthe notation for natural logs. They have as a base, the important
mathematical constant e, the value of which isapproximately 2.71828.

These days, natural logs are almost universally used for calculations
employing logarithms.

Rules

1. Thelogarithm of aproduct of two or more positive numbersisthe sum of the
logarithms of the numbers. For example:

log (A x B) =log A +log B

2. Thelogarithm of aquotient of two positive numbersisthe logarithm of the
numerator minus the logarithm of the denominator. For example:

log (A/B) = log A - log B

3. Thelogarithm of a positive number raised to a power isthe product of the
power and the logarithm of the number.

Examples
log (AY)

ylog A

log(x/3) = logx* - log3 = 2logx-log3
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Rule 3isuseful when solving for the power.

Sincelog (¥) = ylogx, then y = log (x)
log x

Logarithmsareextremely useful for finding answersto questions starting, “ How
long...?’

Example A.16

How long doesit take to double your money at an interest rate of 12% p.a.
compound?

We wish to find x in the equation:

1x (1 + .12)"
(1+.12)

2
2

Takenatural logs:

x1n1.12 = In2 (applyingrule3)
X =_In2 = 6.116years
In1.12

A5 Calculus

Derivatives and differentials the easy way

Figure 1 below isasketch of somemoreor lessarbitrary function f(x) of avariable
X. Thevaue y=f(X) appears on the vertical axis. We are going to look at the
behavior of thefunction f in aneighborhood of apoint indicated as x on the sketch.
Specifically, consider asmall perturbation

OX = X, - X

At the point E, a tangent to the function has been drawn; thisistheline ET. The
point E hasthe vertical coordinatey =f(x). ThepointY hasvertical coordinatey,

= f(x).
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Tangent at E

-
f(x,) _ f(x)
Y
f L ]
x) E ™A
OX
X X

Figure A.1 Differential coefficient as the slope

The slope of thefunctionf (x) at the point X isamagnitude denoted —in differential
calculus— by the symbol:

dope= f*(x)

There are techniques for working out the slopet any given point x. We will givean
example below. From basic geometry, the distance AT is equal to

AT = f'(X).d

Noticethat AT isalmost, but not quite, equal to the distanceAY. Thelatter isequal
toy, -y = 0y, wherey, = f(x). Thuswe have:

oy = f'(x)ox ,
where the wavy equals sign means “approximately equal to.”
You can seethat the smaller theintervalsox , dy, the closer the approximation will
be. Indeed, the slope is defined by the limiting value of the ratio dy / &x as the
distance dx tendsto zero. Of course as this happens, dy will also tend to zero, but

theratio of the two will not in general tend to zero, and will become equal to the
slope at the point x.
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Conventionally, we use a special notation for the quantities dx, dy asdx - 0. We
replace ox by athing called dx, and dy by something called dy, and we refer to
them as differentials. You might ask, “Why bother? Both are technically zero,”
and thiswould betrue. They are of theform of convenient fictional devices. If we
know the slope f ‘() at a particular point X, then we can use the equality:

dy = f'(x) dx, D

with the understanding that thisrepresentsthe limit of an approximating process, in
the course of which theratio of dy to dx becomes equal to the slope of the function:

ﬂ: !
iy f'(x) . (2

Differentials are heavily used in the mathematics of Ito processes (Chapter 8),
again as a convenient shorthand. Indeed they are used in situations where the
slope does not technically exist! Inall cases, just think of them as small changes.

Techniques used to find the slope form the subject matter of differential calculus.
There are certain basic results from which additional rules can be derived. For
example:

i f ()

ax" then (33

f'(x) = axnxt (30)

To differentiate a power of X, you just lower the degree by one (1), and put the
original power out front. Constantslikeain the above example make no difference.
Differential equations

Sometimes x can stand for time, so that we are dealing with functions of time. In
this case we would write f(t). Suppose that someone said to you, “1 know that the
slope of afunction, ast varies, isgiven by:

() = 122 (4a)

Can you tell me what the original function must have been?’
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From expressions (3a), (3b), and employing t in place of x, the answer is:
f)=4t +c (4b)

How did we get this, and what does the constant ¢ mean, anyway? The first term
on the right hand side of (4b) was obtained by reversing (3b) to get the equivalent
of (3a8). In other words, if you differentiate the term 4t3, you get 12t2 which isthe
given expression (44). The process of reversing the differentiation is called taking
the anti derivative, or more loosely, integration.

So far, so good. But how did the constant “c” sneak into the answer, and how do
we cope with it? When you differentiate a constant like ¢, the answer is always
zero (ask yourself: what is the slope of a constant?). We could have started with
any constant ¢ in (4b) and still ended up with the given (4a). So we will have to
alow for the possibility that there might have been some constant there anyway.
To cope with the unpleasant feature of having some sort of indeterminate constant
hanging around in our solution, we use any other information that might be available
about the proposed function.

Suppose an informant had also told us that he knew that at timet = 0, the value of
the function wasf (0) = 10. For example, what was given to us as expression (4a)
could be some sort of law of growth, referring to the rate of change of weight of
Godzilla. At birth, whichist=0, itisknown that Godzillaweighed ten tons. Once
weknow thisinformation, we can set t = 0in our proposed solution (4b) which now
tellsusthat the only qualifying constantisc = 10. So the complete solution for the
weight of Godzillaat any timetis:

f)= 4t + 10
We have solved the differential equation (4a). To do so, we have used as a piece
of further information that the value of f(t) at t = 0is 10. Thelatter isaboundary

condition, or in this case, a particular form of boundary condition called an initial
condition.

Integration (briefly)
The antiderivative of a function is a much more general notion than the above

treatment suggests. If you take an arbitrary function f(x), and antidifferentiate it,
you end up with theintegrated function F(x). Thishastheinterpretation that at any

276




point x, F(X) representstheareaunder f (X) to theleft of the point x. Thus, integration
is associated with aress.

You can seewherethismight have application. If wehaveaformulafor aprobability
density and integrate, or antidifferentiate it, you end up with the corresponding
distribution function, which isthe cumulative area underneath the density.

Partial derivatives

Sometimesyou may have afunction of two variablesrather than one. For example,
for set values of parameters such as the strike price, the interest rate, and the
volatility, the value p of an option is afunction of both the current stock price (S)
and the time to maturity (t):

p=1(St)

We might beinterested inthe marginal effect of varying Swhile holdingt constant.
Thisis effectively the slope with respect to S. We might writeit as:

artial slope rtS-a—n
p | pW _as *

Thisiscalledthe partia derivativewithrespectto S. Tofindit, you simply pretend
you are finding the ordinary derivative with respect to S, and treat t as a constant
for such purposes. Similarly, we can write:

: I orr
partial derivativewrtt = T

If you are familiar with economics, you will be used to hearing that the total effect
on the price p is a sum of the marginal effects, holding everything else constant.
Suppose you observe small changes dS, dt in the values of Sandt. Then thetotal
changeinpisgiven by:

dp = —ZdS+ ——dt . 5)

Once you have worked out the partial derivatives, you know what the total effect
isby summing the partial effects. Asdefinedin (5), dpiscalledthetotal derivative
of the function 1t (S,t).
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Suppose a particular relationship between the partial derivatives were specified,
for example, that the partial derivative with respect tot wasequal to four timesthe
partial derivativewith respect to S. What function 1t would have such a property?
This is an example of a partial differential equation. It is rather similar to an
ordinary differential equation where there is only one argument varying, but this
timethere aretwo. It isoften possible to find a particular function p which would
havetherequired property. However the boundary conditions assume even greater
importance, for there may be many functions that have the required property, but
only one that satisfies the designated boundary condition. For partial differential
equations, the boundary conditions often take the form of values of the function for
an arbitrary Sat adesignated specificvalue T of t, theterminal value. For instance,
the boundary condition for acall optionis: At maturityt =T,

m= max(S(T)-X,0)
For t < T, the call option price p does satisfy a partial differential equation, though
itisabit more complicated than the simple one mentioned above. But many other
derivative prices actually satisfy exactly the same equation, and it is necessary to

specify theboundary conditionin theform given, in order toisolate the option price.

Thiscompletesour tour of calculusand differential equations.
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